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Generalizing 1-way ANOVA to Multivariate Data

Introduction to MANOVA
e Generalizing 1-way ANOVA
to Multivariate Data

e Basic Assumptions

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM

and Generalizing multivariate 72 to more than two populations.

Suppose that we have random samples from ¢ populations and
measures on p variables:

POpUlation 1: L11,L12y...,L1In,
Population 2: L21,L22,...,L2an,
Population g: Lgl, Lg2s -, Lgn,

where each z;; is a (p x 1) vector.

Examples:

= Are 5 standardized tests scores the same for high school
students who attend different high school programs (i.e.,
general, vo/tech, academic).

= Are survival times measured in two ways different between
those treated with supplemental vitamin C the over six types
of cancer?

MANOVA
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Basic Assumptions

e Outline

Introduction to MANOVA
e Generalizing 1-way ANOVA
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e Basic Assumptions
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Example: Distributed vs
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Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM

These are needed for Statistical Inference.

1.

X1, X 2,..., Xy, iIsarandom sample of size n; from a
population with means u, forl =1,..., g (i.e., observations
within populations are independent and representative of
their populations).

. Random samples from different populations are

iIndependent.

. All populations have the same covariance matrix, X..

. X1 ~ N(p,;, %), that is, each population is multivariate

normal.

If a population is not multivariate normal, then for large n;
central limit theorem may “kick-in”.

MANOVA
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One-way ANOVA Review

e Outline

Introduction to MANOVA

One-way ANOVA

e One-way ANOVA Review

e The Model for an Observation
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Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM

The univariate case where p =1

Assumptions: X;; ~ N (y,0%) i.4.dforj=1,...,n; and
[=1,...,q.
Hypotheses:
Ho:pr=po=---=py versus H, :not H,

We usually express y; as the sum of a grand mean and
deviations from the grand mean

1% = p + pr — [
~— ~— ~——
it POp. mean grand mean == pop. treatment effect
— H + T
If 11 = pa = - - - = pg, then an equivalent way to write the null
hypothesis is

Hy:mm=m=-=7,=0

MANOVA
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The Model for an Observation

e Outline
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One-Way MANOVA
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Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM

Xij=p+7+e;

where ¢;; ~ N(0,0%) and independent.

€15 1S “random error”.

We typically impose the condition Y7, 7, = 0 as an

Identification constraint.

The decomposition of an observation is

Xy —
—~—

observation

X is the estimator of 4

71 = (X; — X) is the estimator of 7
(X;; — X,) is the estimator of ¢;;.

overall
sample
mean

+ (X;—X) +(X;; = X))

estimated residual
treatment “error”
effect

MANOVA
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The Sums of Squares

e Outline
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The sum of squared observations

We also take the three components of X;; and form sums of

squares

SSmean

SStreatment

SSresidual

g mn
SSObS — SStotal — Z Z Xl??

=1 j=1

B IEDD TS,

=1 j=1

=1 j=1

9
E (12 X2
[=1

=1 j=1

g ny

DD =20 (X=X

=1 j=1

=1 j=1

MANOVA
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Sums of Squared Decomposition & Geometry

e Outline

Introduction to MANOVA

One-way ANOVA

e One-way ANOVA Review

e The Model for an Observation
e The Sums of Squares

e Sums of Squared
Decomposition & Geometry

o ANOVA Summary Table

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM

Ssobs — SSmean + SStr + SSres

or
SScorrected — Ssobs — Ssmean — SStr + SSres

This work because the components (sums of squares) are
orthogonal.

Geometry: Consider the n = (> ;_, n;) dimensional
observation space where each observation defines a
dimension.

= \We break this space into three orthogonal sub-spaces
corresponding to each component.

= The dimensionality of the sub-space corresponds to the
degrees of freedom for the corresponding S'S.

(see text for more details).

MANOVA
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ANOVA Summary Table

Let n, = > 7, ny, the total sample size

Source of Variation Sum of Squares df
Treatment SSy = (027 ny) X7 g—1

e Outline

Introduction to MANOVA

One-way ANOVA

e One-way ANOVA Review . _ g ng . ) 2
e The Model for an Observation ReSIduaI SST@S _ =1 ijl (le o Xl) n"’ o g
e The Sums of Squares

e Sums of Squared TOta| (SSObS T SSmean)

Decomposition & Geometry .
» ANOVA Summary Tt (corrected for mean) =377 >0 (Xp; — X)? ny —1

GLM

Test statisticfor H, : 1 =---=pg (0Or Hy: 7 =--- = 7,4) and

One-Way MANOVA

Its sampling distribution are

Hypothesis Testing

SSu-/(g—1
Example: Distributed vs F - 15 /(g )

= ~ Flog—1).(n.—
Massed Practice SST'es/(n—I— . g> (g 1)7( + g)

Following up a Significant

Resul Reject H, for

Multvariate GLI = “large” values of SS;./SS:cs.

Simultaneous Confidence

Intervals u “Iarge" Va|ueS Of 1 + SStr/SSres-

SSres

somerennenct [ w “small” values of (1 4+ 55;./SSres) ™ = g5ty

SAS IML and GLM
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One-Way ANOVA as a GLM

(om0

/ X11 \ 0 \ ( €11 \
71
e Outline ) ) .
Introduction to MANOVA
Xin, 1 0 0 €1n,
One-way ANOVA ’7’1
oM X 21 0 1 0 €21
e One-Way ANOVA as a GLM T2
e Least Squares Estimates of
GLM
e Testing Using C' —|_
Xon, 0 1 0 €214
One-Way MANOVA K 2
Hypothesis Testing
Example: Distributed vs
Massed Practice Xg 1 T 1 — 1 - 1 - Eg 1
Following up a Significant ' ' 9= 1 '
Result . . . .
Multivariate GLM \ Xgng ) _ 1 - 1 _ 1 ) \ \ egng )
Simultaneous Confidence Tg —1 )
Intervals
Summary: PCA, MANOVA, DA Xn-l- x1 An—l— X4g /39 X1 + en-l- x1
N—— N—— N—— N——"
SAS ML and GLM “Dependent” Design Matrix  Parameters Residuals
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Least Squares Estimates of GLM

e Outline

Introduction to MANOVA
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e One-Way ANOVA as a GLM
e Least Squares Estimates of
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e Testing Using C'

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM

How we get parameter estimates depends on how the design
matrix is set up. There are multiple ways of setting up the
design matrix. We’'ll use the rank ¢ matrix A on the previous
slide.

B = (AA)TAX

& = AB={Zi}n, x1

X -X

= X -A(AA)'A'X
= (I-AA'A)'ANX

a>
|

Our hypothesis test of equal population means,
Hojlul:lu2:---:lug<:>7'1:’7‘2:---:7'9:0

can be expressed as H,, : C3 = 0 where C'is a contrast
matrix.

MANOVA
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Testing Using C

e Outline
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e One-Way ANOVA as a GLM
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One-Way MANOVA

Hypothesis Testing
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Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA
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For example, (O 1 -1 0 --- 0 O\

0O O 1 -1 -+ 0 0
C(g—l)xg:

o0 0 0 .1 -1/
So ( 1L — T2 \

H,:CB=0=

\ Tg—2 — Tg—1 )
Our F—test (given before) tests H, : C3 = 0.

= From GLM framework, you can introduce “continuous”
(numerical) variables.

= ANOVA and multiple regression are essentially the same.
= \We can generalize the GLM to the multivariate GLM.
= SAS PROC GLM will make more sense.

MANOVA
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One-Way MANOVA

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

e One-Way MANOVA

e Observation Vectors

e Sums-of-Squares and
Cross-Products (SSCP)
e Sum of Squares

e A Closer Look at Within
Groups SSCP

Hypothesis Testing

MANOVA model for comparing ¢ population mean vectors

parallels univariate ANOVA:

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM

MANOVA

€l;
le H TI _ ’
_ overall . residual for
observation [*" treatment .
= mean + + [*" group,
vector effect vector .
vector 5" case
p X1 p X1
- _ p X1 p X1
Random ~ ~~ - ~
Fixed Random
where €;; ~ N,(0,3) and all independent.
for; =1,...,n; cases per group,and ! =1,..., g groups.
For Identification, > 7_, ny7; = 0.
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Observation Vectors

e Outline

Introduction to MANOVA
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GLM

One-Way MANOVA

e One-Way MANOVA

e Observation Vectors
e Sums-of-Squares and

Cross-Products (SSCP)
e Sum of Squares

e A Closer Look at Within
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Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM

Each component of X ;; satisfies the 1-way ANOVA model, but
now the model includes covariances among the components.

These covariances are assumed to be equal across
populations.

A vector of observations can be decomposed as

X, X (X — X) (X1 — X1)
( Observation ) _ overall N estimated N ( residual )
sample treatment
mean effect
= [ + T + €1,

We also have a decomposition of sums-of-squares and
crossproducts, or “SSCP” for short.

MANOVA
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Sums-of-Squares and Cross-Products (SSCP)

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

e One-Way MANOVA

e Observation Vectors

e Sums-of-Squares and
Cross-Products (SSCP)
e Sum of Squares

e A Closer Look at Within
Groups SSCP

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM

First we’ll find the total corrected squares and cross-products.

(i —2) (@ — ) = [@y—2)+ @ —2)] (2 — @) + (@ — 7))

= (xy; — ) (x; — 7)) + (2 — 2) (2 — %)

\ - 7

squares & cross-products

(x; — ) (T — )" + (21 — ) (205 — 1)’

\ . 7

cross-products

and now sum all of this over cases and groups.

Since addition is distributive, we’ll do this in pieces and look
just at cross-product first. . .

MANOVA
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Sum of Squares

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

e One-Way MANOVA

e Observation Vectors

e Sums-of-Squares and
Cross-Products (SSCP)
e Sum of Squares

e A Closer Look at Within
Groups SSCP

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM

Now summing the rest over 57 and [ we get

DD (wy =)@y —2) = ) (@ — &)@ - &) +y Y (zy— ) (T —

i=17=1 =1 j=1
Total (corrected) SSCP = Treatment + Residual

= Between Groups +  Within Groups
= Hypothesis +  Error

MANOVA
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A Closer Look at Within Groups SSCP

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

e One-Way MANOVA

e Observation Vectors

e Sums-of-Squares and
Cross-Products (SSCP)
e Sum of Squares
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Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM

W=FE = ZZ(wzj—fl)(wlj—fl),

J=1 71=1
Ng

g Z(ng — Tg)(xgj — Ty)
j=1

= (1 —1)S1+(n2—2)S2+ -+ (ny)S,

where S, is the sample covariance matrix for the [*"* group
(treatment, condition, etc).

W (E) is proportional to a pooled estimated of the common X..

MANOVA
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Between Groups SSCP & Test Statistic

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

e Between Groups SSCP &
Test Statistic

e Hypothesis Testing with A ™
e Distribution of Wilk's Lambda
A >k

e Other Test Statistics

e Pillai's Trace and Roy's
Largest Root

e How They are All Related to
A >k

e Which Test Statistic to Use
e Other Cases and Summary
MANOVA

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

With respect to between groups SSCP,

g g
B-—H— an(:il —z) (@ —x) =) mTT
=1 =1

ftH,: 71 =72=---=71,=0Istrue, Then B (H) should be
“close” to 0.

To test H,, we consider the ratio of generalized SSCPs,

. Wl w
‘W + B T

where T' = W + B (i.e., the total corrected SSCP).

A* is known as “Wilk’'s Lambda”. It's equivalent to likelihood
ratio statistic.

~ Simultaneous Confidence

Intervals

MANOVA
Summary: PCA, MANOVA, DA
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Hypothesis Testing with  A*

e Outline
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GLM
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Test Statistic

e Hypothesis Testing with A ™
e Distribution of Wilk's Lambda
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e Other Test Statistics
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e How They are All Related to
A >k

e Which Test Statistic to Use
e Other Cases and Summary
MANOVA

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

A* is a ratio of generalized sampling variances

_ ‘W‘ . f:1 Ai
T TN

A*

where \; are eigenvalues of W, and A} are eigenvalues of T.

fH,: 71 =T2=---=71,=0Istrue then B is closeto 0
— T ~W
= \i & A
— A* close to 1.

fH,: 71 =712=---=71,=0Is false then B is not close 0

— values on diagonals of T, which will be positive, will be
large.

— A" Is “small”.
The exact distribution of A* can be derived for special cases
of p and g.

~ Simultaneous Confidence

Intervals

MANOVA
Summary: PCA, MANOVA, DA
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Distribution of Wilk's Lambda  A*

| SSCP,
Wilk's A* —
s SSCP. + SSCP,]

® Outine Number df for

O R R variables Hypothesis Sampling distribution for multivariate data

One-way ANOVA

GLM

One-Way MANOVA D = 1 Vh Z 1 (Z_Z) (17\1\ ) ~ fl/h,l/e

Hypothesis Testing

e Between Groups SSCP &

Test Statistic

ok ve—1 1—VA*

e Hypothesis Testing with A p — 2 Vh > 1 ze - = vV -> ~J f

e Distribution of Wilk’s Lambda — 2Vh 72 (Ve - 1)
A >k

e Other Test Statistics

e Pillai's Trace and Roy's

Largest Root L 1% +I/h—p 1—A*
xlowTheyareAllRelatedto D Z ]. Vp = ]. (GT> ( A* > ~/ Fpa(’/e‘i_l/h_p)

e Which Test Statistic to Use
e Other Cases and Summary

e _ vetvp—p—1 1—VA*
Example: Distributed vs p Z 2 Vh = 2 ( \/F ~ f2p72<1/e+7/h _p_1>

Massed Practice

Following up a Significant

= where v, = degrees of freedom for hypothesis, and
e v, = degrees of freedom for error (residual).
lSnltrzltJJ:Qeous Confidence
MANOVA Slide 20 of 66
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Other Test Statistics

e Outline
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GLM

One-Way MANOVA
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Test Statistic

e Hypothesis Testing with A ™
e Distribution of Wilk's Lambda
A >k

e Other Test Statistics

e Pillai's Trace and Roy's
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e Which Test Statistic to Use
e Other Cases and Summary
MANOVA

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

There is more than one way to combine the information in B
and W (or H and E).
= Wilk’'s A*
. wl B TN
W +B| |E+H| [[[_ X

where \; are eigenvalues of E, and A\’ are eigenvalues of
(E+ H).
= Hotelling-Lawely Trace Criteria

g
=trace(E~'H) =tr(HE ') =) ),
1=1

where )\; is eigenvalue of HE L.

0 Reject H, when tr(HE ™) is large.

0 When H, is true, ntr(HE™") ~ x2.,_)-

0 Note: df = rank of design matrix (GLM approach).

~ Simultaneous Confidence

Intervals

MANOVA
Summary: PCA, MANOVA, DA
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Pillar’'s Trace and Roy’s Largest Root

e Outline
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GLM

One-Way MANOVA

Hypothesis Testing

e Between Groups SSCP &
Test Statistic

e Hypothesis Testing with A ™
e Distribution of Wilk's Lambda
A >k

e Other Test Statistics

e Pillai's Trace and Roy's
Largest Root

e How They are All Related to
A >k

e Which Test Statistic to Use
e Other Cases and Summary
MANOVA

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

s Pillai’'s Trace Criterion

.
)\.
— trace(B(B +- W)™ 1) =trace(H(H + E)™ 1) = L
(B( ) ) (H ( )7 ) ;:11“@-

where )\, is the eigenvalue (root) of HE !,

= Roy’s Largest Root Criterion
0 = largestrootof (E+ H) 'H
— largestrootof H(E + H) ™!
A
1+ 5\1

where )\, is the largest root of E-'H = HE !,

~ Simultaneous Confidence

Intervals

MANOVA
Summary: PCA, MANOVA, DA

Slide 22 of 66



How They are All Relatedto A*

e Outline
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GLM

One-Way MANOVA

Hypothesis Testing

e Between Groups SSCP &
Test Statistic

e Hypothesis Testing with A ™
e Distribution of Wilk's Lambda
A >k

e Other Test Statistics

e Pillai's Trace and Roy's
Largest Root

e How They are All Related to
A >k

e Which Test Statistic to Use
e Other Cases and Summary
MANOVA

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Let )\; be root of HE ™! (“eigenvalue of H relative to E”) and if
all ;'S >0 (i.e., AM > XAy > e > )\p > O),

Then we can write
E|
\E + H|
1
= — because |AB| = |A||B|
I+ HE -
1

(14 i)

A*

So A* is a decreasing function of \;

Note:

~ Simultaneous Confidence

Intervals

MANOVA
Summary: PCA, MANOVA, DA
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Which Test Statistic to Use

e Outline
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One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

e Between Groups SSCP &
Test Statistic

e Hypothesis Testing with A ™
e Distribution of Wilk's Lambda
A >k

e Other Test Statistics

e Pillai's Trace and Roy's
Largest Root

e How They are All Related to
A >k

e Which Test Statistic to Use
e Other Cases and Summary
MANOVA

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

m Wilk's A* = likelihood ratio statistic.
m |f all statistics lead to the same conclusion, use A*.
m |f statistics lead to different conclusion, need to figure out why.

= From Simulation studies (power & robustness):

O Roy’s largest root found to be the least useful, except when the
population structure is such that groups differ in one dimension
and one group is much more different from the rest.

O Others all do pretty good w/rt power (they use more information
in £ and H than Roys’s).

O Pillai’s trace criterion is
» |east affected by departures from usual population model (i.e.,

more robust against departures from normality).
» Better for “diffuse” alternative hypotheses versus sharper ones.
= When roots are approximately equal, it has best power.

0 Wilk’s and Hotwelling-Lawley have about the same power for a
wider-range (spectrum) of alternative hypotheses.

~ Simultaneous Confidence

Intervals

MANOVA
Summary: PCA, MANOVA, DA
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Other Cases and Summary MANOVA

For cases not covered. .. If H, is true and Zlgzl n; = n iIs large,
then

e Outline k 1 1
Fina (0= 1= 540)) = (WI/AB4WD) (=1 50+ 9) % X3

Introduction to MANOVA 2 2

One-way ANOVA

You should examine the residual vectors for normality and

GLM

One-Way MANOVA

outliers (i.e., €;’s)... maybe use PCA or methods mentioned in
Hypothesis Testing

the text.
e Between Groups SSCP &

Test Statistic Source of Wilk's

e Hypothesis Testing with A ™
AoAlilstrlbutlon of Wilk's Lambda Var | atl O n S S C P df A *
e Other Test Statistics T t t B g / 1 W / T
e Pillai's Trace and Roy’s — r,; — r, — 7 —_

Largest Root rea men ZlZl nl (wl w)(wl w) g | | | |
e How They are All Related to

A* (Between)
e Which Test Statistic to Use
s | Residual W =0, S5 (@ — &) (@ — &) n—g

Example: Distributed vs (W|th | n)

Massed Practice

Following up a Significant Total (Corrected T = W —|— B n — 1

Result

Multivariate GLM for mean) — Z?:l Z;lel(w]l - i)(w]l o :E)/

~ Simultaneous Confidence

Intervals

MANOVA Slide 25 of 66
Summary: PCA, MANOVA, DA




Example: Distributed vs Massed Practice

1-Way MANOVA: Data from Tatsuoka (1988), Multivariate
Analysis: Techniques for Educational and Psychological Research, pPp

| 273-279.
Introduction to MANOVA An experiment was conducted for comparing 2 methods (A &
One-way ANOVA B) of teaching shorthand to 60 female seniors in a vocational
oL high school (a dated example). Also of interest were the effects
One-Way MANOVA of distributed versus massed practice

Hypothesis Testing

oo Distibutod ve C1: 2 hours of instruction/day for 6 weeks

+ Sample. Dt UET v Csy: 3 hours of instruction/day for 4 weeks

Massed Practice
- Descrpive Siatsics C'3: 4 hours of instruction/day for 3 weeks
Tel—?:/(:):hesis Test

e e st contiuec So each subject received a total of 12 hours of instruction. For
sresmseapsmuen - now, we'll just look the effect of distributed versus massed

N practice. Note: n; =20forl=1,2,3
Huerae L Two variables (dependent measures):
Simultaneous Confidence

Intervals Xl — Speed

Summary: PCA, MANOVA, DA X2 — accuracy

SAS IML and GLM
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Descriptive Statistics

The overall mean vector and mean vectors for each condition:

_ 33.62 _ 38.55 _ 34.00 _ 28.30
e Outline Xr — r1 — Lo = wS —
T 18.25 23.70 18.20 12.85

One-way ANOVA

oL The treatment effect vectors (i.e., 7, = &; — x)

One-Way MANOVA

Hypothesis Testing A 4 . 93 A O . 38 A _ 5 * 32
T1 — To — T3 —
'I\EAxamp(Ijel;Distt.ributed Vs 5 45 —005 _540

e Example: Distributed vs
Massed Practice
e Descriptive Statistics

« Means and Confidence Sample covariance matrices:

Regions
e Hypothesis Test

e e s 49.52 1317 2047 421
S 1 — S 2 —
Following up a Significant 13 17 759 421 448

Result

4.42 3.19

Multivariate GLM
Simultaneous Confidence 1 6 . 3 3 4 . 42
Intervals 53 =

Summary: PCA, MANOVA, DA

SAS IML and GLM
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Means and Confidence Regions

Accurac . .
50 - y 95% confidence regions for p,, p, and pg
e Outline r
: where n; = 20
Introduction to MANOVA
One-way ANOVA 40 _

GLM

One-Way MANOVA

30F

Hypothesis Testing

Sxampe: Distiuted e : _ 1 (2 hours/day for 6 weeks)
assed Practice L €T

e Example: Distributed vs 20 E

Massed Practice : X2 (3 hours/day for 4 weeks)

e Descriptive Statistics

e Means and Confidence L
Regions L
e Hypothesis Test 1 O :_
e Hypothesis Test continued r
e Test Statistic & Distribution

Following up a Significant E ......... Lo v vas Lo v vas [N A [T A J S p e e d
Result 0 10 20 30 40 50

a3 (4 hours/day for 3 weeks)

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM
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Hypothesis Test

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

e Example: Distributed vs
Massed Practice

e Descriptive Statistics

e Means and Confidence
Regions

e Hypothesis Test

e Hypothesis Test continued
e Test Statistic & Distribution

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

No difference between massed versus distributed practice on
either speed or accuracy:

H,: 71 =79=713=0 versus

The within groups (residual) sums of squares and
cross-products matrix

W

(n1 — 1)51 -+ (ng — 1)52 -+ (n3 — 1)53

13.17  7.59

9( 4952 13.17

(

]

1773.15 414.20

16.33 4.42
4.42 3.19

414.20 289.95

H,:71#0 foralll=1,2,3

o

|
|

2747 4.21
4.21 4.48

|

SAS IML and GLM

MANOVA

Slide 29 of 66



Hypothesis Test continued

The betwegn groups SSCP matrix:

B = ) m@-z)(z -z
=1

e Outline

5.45

GLM

Introduction to MANOVA 493 038
One-way ANOVA = 20 < > (4.93,5.45) + 20 < 0.05 > (0.38, —.05)

One-Way MANOVA . 5 . 32
Hypothesis Testing +20 < O > (_532, _540)

Example: Distributed vs
Massed Practice

e Descriptive Statistics 1 1 1 1 ) 55 1 1 77 30

e Means and Confidence
Regions

e Hypothesis Test

e Hypothesis Test continued

¢ Danole Dbz = ( 1055.033 1111.55 >

e Test Statistic & Distribution

1525.75 1467.25

Result

2828.18 1525.
Following up a Significant T — W + B — < 8 8 8 5 5 75 >

Multivariate GLM

o Or T = (n— 1)S where S is the covariance matrix computed
Incervas over all groups and n is the total sample. Then B=T — W.

Summary: PCA, MANOVA, DA

SAS IML and GLM
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Test Statistic & Distribution

(W | = (1773.15)(289.95) — (414.20)% = 342563.2

T| = (2828.18)(1467.25) — (1525.75)% = 1821738.9
W] 342563.2

e Outline

Introduction to MANOVA A *

= (0.188

~|T|  1821738.9

oL For p = 2 and g = 3, we can use the exact sample distribution:

One-Way MANOVA

Hypothesis Testing (n_g_ ]-) 1 - \/A* . (n_p_2) ]. — VvV A* f
Example: Distributed vs g — 1 A /A* D \/F 2(9_1)’2(n_g_1)

Massed Practice

e Example: Distributed vs
Massed Practice

e Descriptive Statistics WhICh for thls example,

e Means and Confidence

S (60—-3—-1) (1—-V.188) 56 (566} .. .
oTest.Statistic&.Di.s.tribution (3 _ 1) A /188 o 2 434 T .

Result

Multivariate GLM Slnce F4,112(a — 05) ~ F4,12O(a — 05) — 2451 reJeCt HO that

Simutaneous Confidence treatment vectors are all equal to 0. The data support the
e conclusion that there is an effect of massed versus distributed

I Summary: PCA, MANOVA, DA practice.

SAS IML and GLM

MANOVA Slide 31 of 66



Following up a Significant Result

e Outline

Introduction to MANOVA

One-way ANOVA

1. Multivariate contrasts & confidence regions

2. “Tests” on individual variables (simultaneous confidence
Intervals for group/treatment differences).

3. Discriminant Analysis.

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

e Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM

Multivariate Contrasts
We need the multivariate generalization of the general linear
model:
Xgnxp = Aan(g+1)B(9+1)><p + Egnxp

where A is the design matrix (it could have g or g + 1 columns
depending on the parameterization), and B is a matrix of
coefficients (model parameters)...some examples...

MANOVA
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AIs ny x g with dummy codes

e Outline

Introduction to MANOVA

N [V P P S

GLM
Bi1 B2 e Bip
One-Way MANOVA

Hypothesis Testing Xn_|_ ><p — . . . . . /821 622 e /82]9 —|—g,n+ ><p

Example: Distributed vs
Massed Practice

Following up a Significant - - - ’ - \ /69_ 1 , 1 /69_ 1 ,2 .« o e Bg 1 P )

Result 1 O O L O

Multivariate GLM

oAiS’n_|_ X g with
dummy codes . . . . .

e SAS PROC GLM design: A

isgn X (g+ 1) \1 O O .. O)
e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

pata Given the design matrix above, Box = gk, and Bix = g — pgk-

e Example: Descriptive
statistics

« Plot of Means and 95 % If p =1, we would have 1-way ANOVA.

Confidence Regions
e Plot of Means and 95 %

Caonfidanca Dnginne
e Results of MANOVA

Hypothesis Test .
VENAVAed MANOVA Slide 33 of 66
parameters



SAS PROC GLM design: Ais gn x (g + 1)

An alternative design matrix and parameter vector:

(1 1.0 - 0

Introduction to MANOVA

One-way ANOVA

GLM 1 0 1 0 ( 601 602 Tt Bop \

One-Way MANOVA : : C. . 61 1 612 T 61]9

Hypothesis Testing X’I’L_|_ X P pm— . . . . . /621 /622 T /sz +gn_|_ XDp

Example: Distributed vs
Massed Practice

Following up a Significant . . . . . .
Result \ /69_171 /69_172 T /69_1’13 )

1 00 -0

Multivariate GLM

oAiS’n_|_ X g with
dummy codes
e SAS PROC GLM design: A

isgn X (g + 1) \1 O O 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

¥ Evampl: Descrpive Normally, B = (A’ A)~! A’ X ; however, the rank of A defined

statistics

craamensane05% | @bove (and hence A’ A) is only ¢ = There’s no unique

Confidence Regions

e Plot of Means and 95 % SOlutlon to A/X == A,AB.

Caonfidanca Rgaions
=

n4 X (g+1)

e Results of MANOVA

Hypothesis Test .
VENAVAed MANOVA Slide 34 of 66
parameters



What's Interesting

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

We’'re interested in differences between group means; that is,

.Uz'—Hk:(H‘I—Ti)pxl—(ﬁb—l-ﬁe)pm:Tq;—Tk

Even if we can’t get unique estimates of elements of 1B, we can
get unigue estimates of differences between parameter
estimates, which correspond to differences between group
means regardless of what inverse of (A’ A) is used.

Moore-Penrose inverses of non-full rank square matrix (A’ A)
is denoted by (A’A)".

SAS PROC GLM uses the Moore-Penrose inverse of (A’ A).

In SAS/PROC IML, the Moore-Penrose inverse is obtained by
the command ginv( ), for example

glIAA = ginv(A™*A);

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Estimable and Testable

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

What we can do is test linear combinations of elements of B if
the linear combination Is a contrast.

Estimable: A linear function ¢’ is estimable if

(A’A)(A'A) c=c.

Testable: A linear function is testable if it only involves the
estimable functions of 5.

Contrasts of elements of B are estimable and therefore

testable. These correspond to differences between means.

We’'ll demonstrate multivariate General linear model by
example. ..

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Example: Cameron & Pauling Data

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

Increase in survival of cancer patients given supplemental
treatment with vitamin C.

“Increase in survival” = the number of days a patient survives
minus the number of days matched control survives.

x1 = di = Increase Iin survival measured as days from first
hospitalization.

xro = do = INCrease Iin survival measured days from
un-treatability.

type = type of cancer (1 =stomach, 2 =bronchus, 3 =colon,
4 =rectum, 5 =bladder, 6 =kidney).

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Example: Descriptive statistics

e Outline

Introduction to MANOVA

Type ng

S

Stomach 12

125869.88
15206.70

15206.70
12235.36

One-way ANOVA

GLM

Bronchus 16

23915.07
17461.47

17461.47
16619.45

One-Way MANOVA

Hypothesis Testing

Colon 16

252027.76
147884.76

147884.76
118274.56

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Rectum 7

508715.62
155250.05

155250.05
56340.62

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

. Caonfidanca Rgaions

Bladder 5

1304.20
129.80

3747663.20
214071.05

214071.05
14697.70

Kidney 7

118.86
101.71

129018.48
3344.62

3344.62
17392.91

5)

Spool — Z(nl — 1)Sl —

[=1

(

419668.42

76815.85 45848.122

76815.85 )

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Plot of Means and 95% Confidence Regions

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

d2 (untreatable)

bron : :E 5 bla._.d-aer

d1
(15* hospitalization)

Using S; to the comp____u‘fe regiqrié
ni1 =12, ny =16, n3'= 16, ni =7, n5 = 5, ng = 7

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Plot of Means and 95% Confidence Regions

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

d2

COlO4

oi4 r tU {

s kidne

gtomach

x5 bladder

%ﬂg Spo/the compu

te regions

dl

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Results of MANOVA Hypothesis Test

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

HO - Bstomach = Mbronchus = Mcolon = Mrectum = Mbladder = /*l’kidney

or equivalently

Ho - Tstomach — Tbronchus — T colon — Trectum — Tbladder — T kidney

df type of cancer (hypothesis) v, =g—1=6—-1=5
df within (error) = v, = > ,n;— g =63 —6 =57
Wilk's A* = det(W)/ det(T') = 0.5817749

Since p = 2 dependent variables, Wilk's A* has an exact
sampling distribution that is F, in particular

F = 3.4838 and p-value = .0005.

Reject H,. The data support the conclusion that not all of the
means (or 7's are equal).

~ f21/h,2ue

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Estimated MANOVA parameters

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Type

205.56
166.46

A

hospitalization

untreatable

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

Stomach +) =
Bronchus 7+, =
Colon 7o =

Rectum Ty =
Bladder  7¢ =
Kidney

(—134.888,
(156.055,
(—88.368,
(91.873,
(1098.644,
(—86.698,

Recall that p; = pu + 7

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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MANOVA as a multivariate GLM

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

A main effect and six dummy variables (this is what PROC
GLM does). So the design matrix looks like

A’n+><7 —

MANOVA (multivariate general linear model):

Estimation:

(

\

O O R G Y

o O O O O

o O O O = O

o O O = O O

S O = O O O

oS R O O O O

0)
0
0
0

0

L)

} Nstomach
} Nbronchus
} Neoton

} Nyectum

} Nbiadder

} Nkidney

yn+ X2 — An+ ><7B7><2 + €n, x2

Predicted values:

i = AB

B=(A'A Ay

where ¢ = (T, )

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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MANOVA as a multivariate GLM (continued)

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

For ', = (Z1, Z2), it is the the case that
Tj1 = bo1 + bi1 and T o1 = bo2 + b2
So to compare two groups (types of cancer),
Tip — Zirx = (boi + byi) — (boi + br=i) = byi — by

Consider a contrast between means for two types of cancer,
for example, stomach and bronchial,

( bol b02 \
b11

b12

ba1 D2

C/B — (O, 1, —1, O, O, O, O) b31 b32
ba1  bao

bs1
\ b1 be2 )

= ((b11 — b21), (b12 — b22)) = ((Z11 — Z21), (T12 — T22))

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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With the Parameter Estimates

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

: Caonfidanca Rgaions

( 326.31 158.84\
—955.64 —63.93
—9276.81 —51.97
—9209.12 134.34
—928.88  67.73
\ 977.89 —29.04

stomach: Z11 = b, + b11 = 326.31 + (—255.64) = 70.67
Tia = boy + b1y = 158.84 + (—63.93) = 94.91

bronchus: Z31 = by1 + b21 = 326.31 + (—276.81) = 49.50
Too = by + bao = 158.84 4+ (—51.97) = 106.87

(0,1,-1,0,0,0,0)B = ((—255.64 + 276.81), (—63.93 — 51.97))
= (21.17,-11.96) = ((Z11 — Z21), (T12 — T22)) =0’

l.e., Are effects for stomach and bronchus the same?

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Testing H,: CB =0

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

Our hypothesis tests can be of the form
HO . C’I“XngXpMpXS — O

C defines hypotheses (contrasts) on the elements of columns
of B; that is, comparison between means on same variables
over groups.

M defines hypotheses (contrasts) on the elements of rows of
B; that is, comparison between means on same group over
variables.

For now M = I and we’ll consider hypotheses of the form
H,:CB=0

Specifically, we want to consider

H, : 0bog, +c1b1k +Cabag + -+ -+ cobgr < c1T1+caTo+ -+ 4Ty

where Y7 ¢, =0.

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Testing Contrasts: The H matrix

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

For a simple contrast, such as
c=(0,1,-1,0,...0)

we could do this as a multivariate 72 test for independent
groups; however, we’ll stay within the MANOVA and
multivariate linear model framework (so we can test multiple
ones).

Suppose that we have a contrast matrix C,., ,41) where the
rows are r orthogonal contrasts, the hypothesis matrix equals

H=(CB)(C(A’A)"C")"'(CB)

For a balanced design (i.e., ny =ny =---=n, =nand a
single contrast (i.e., r = 1), this reduces to

g g !

n _ _
-7 E C1T] E C1T]
Ci

(=1 =1 =1

H =

Note: ¢, = 0.

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Testing Contrasts

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

The “Error” matrix is W; that is,

E=W

DY (e — @) (x5 — 21)'

=1 j=1

X'X - B'(A'A)B

Wilk’s Lambda for thetest H, : CB =0 Is

To find the transformation of this to an JF distribution:

p = anything

Vhypothesis — T

Verror — Zl ng—p

*

~ det(E)
 det(H+E)

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Example: Five types the same?

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

Three equivalent forms for Hypothesis 1.
H, :

H, :
H, :

Hbronchus = Mcolon = “kz’dney = Mrectum = Mstomach

Tbronchus — Tcolon — T kidney — Trectum — T stomach

IBbronchus — Igcolon — IBkz’dney — lgrectum — lgstomach

where 3, is a p x 1 column vector of B’ (i.e., a row of B written
as a column).

For the contrast matrix we need to know the order of the
effects in the GLM.

= | re-order them so that they are in alphabetical order,
because

= PROC GLM puts them in alphabetical order (or numerical if
groups are coded this way).

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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H,. Four types the same?

( Boi ﬁog\ intercept
511 512 bladder

e Outline O O ]~ _1 O O O
( \ B21 Pos bronchus
Introduction to MANOVA O O 1 O — 1 O O
H,:CB =0 = O31 B39 colon
One-way ANOVA O O 1 O O _ 1 O 6 6 kl d e
\o o1 0o o0 o —1/)]|" P ¢
One-Way MANOVA Os51  O59 rectum

Hypothesis Testing \ /66 1 66 1 ) Sto m aC h

Example: Distributed vs
Massed Practice

So

Following up a Significant
Result

. Caonfidanca Rgaions
=

—— (((Po1=Ba1) (Bo2—Fs2) \ [ (21 —=731) (722 —T732)

oy s gwfh " (Bo1 — Ba1) (Ba2 —PBa2) | | (ro1 —7u1) (22 —Ta2) | 0
%?P;OF;TQBQA " (Bar = Bs1)  (Baz — Bs2) (721 — 751) (722 — 752)
i \ (B —Bo1) (B2 —Be2) ]\ (ra1 —761) (722 —762)

Data

e Example: Descriptive
statistics

e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

e Results of MANOVA

Hypothesis Test .
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Hypothesis Matrices

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

: Caonfidanca Rgaions

H = (CB)(C(A'A)(ns+nb+nc+nr+nd+nk—6);C")"(CB)

324369.92785 180717.48204
180717.48204 429243.40815

The E error SSCP is the same as W that we used before,
which equals

E=W = X'X-B(A'AB
[ 24340768.476 4455319.3042
4455319.3042  2659191.047

Wilk’'s Lambda,

*

det(E)  4.4877TE13

_ - — 0.820661
det(H + E)  5.4684E13

and
= 1, — humber of rows of C = 4

= v, = number of rows of X — p = 57

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Results

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

Referring to the table for transformations of A* that have
sampling distributions that are F, we use the one for p = 2 and

vy, > 1, which is

[ (Ve—1> 1 — VA*
B Vh vV A*

If the null is true, then this should have a F3,, 5(,.—1) Sampling

distribution.

= 1.4541861

B (@) 1 —1/0.820661
4 /0.820661

Comparing F' = 1.45 to the F, 112, we find that the p-value is
.18. Retain the null hypothesis. The data suggest not
difference in increased survival of patients over different types
of cancer (except bladder).

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Five versus the Rest

Ho - Toladder — Tbronchus+Tcolon+7kidney+T7°ectum+7-stomach)/5

or equivalently

e Outline

Introduction to MANOVA

( Bor ﬁog\ intercept

One-way ANOVA
oM B11 B2 bladder
One-Way MANOVA Bo1 29 bronchus
H,:CB=0=(0,-5,1,1,1,1,1) | 851 (32 | colon
g Bu Biz | kidney
Folowing up  Signicart Bs1 B2 rectum

Multivariate GLM \ /861 /861 ) StomaCh

oAiS’n_|_ X g with
Coemoscmaesan 4 | IS the same as before, but now
isgn X (g+ 1)
e What's Interesting

e Estimable and Testable H 62660386574 _1861059247

e Example: Cameron & Pauling

?aéiample: Descriptive _1861059247 5527481893

statistics

e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

e Results of MANOVA

Hypothesis Test .
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The Test and Result

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

oAiS’n_|_ X g with
dummy codes

e SAS PROC GLM design: A
sgn X (g + 1)

e What's Interesting

e Estimable and Testable
e Example: Cameron & Pauling

Data
e Example: Descriptive

statistics
e Plot of Means and 95 %
Confidence Regions

e Plot of Means and 95 %

Caonfidanca Rgaions
=

~ 4.4877F13
 6.3332E13

Ve = 1 1 —g=>5T.
vy, = 1, the number of rows of C.

*

= (0.7085934

So, for v;, = 1, use

F= (”e + Y _p> (i> — 11.514901,
p A

which if the null is true (and assumptions valid), F' should have
a sampling distribution that is F,, (. 4., —p)- COmparing F' to
F2 56, We get a p-value< .01. Reject H,.

In summary, the mean survival of patients with bladder cancer
differs from that of those with other types of cancer; however,
no support for differences between the other types.

Question: Are there differences for survival from first
hospitalization and/or from time of unreadability?

e Results of MANOVA

Hypothesis Test
VelAY4ed MANOVA

parameters
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Simultaneous Confidence Intervals

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

e Simultaneous Confidence
Intervals

eUsngCBM = 0
e Confidence interval for

CBM
e Our example: Cl for

CBM

e Plot of Means and 95 %
Confidence Regions

e Notes about These Cls

e Bonferroni Intervals

We can construct simultaneous confidence intervals for
components of differences

(which equal

T — Ty Nz—ﬂl/)

or other linear combinations such as
71— (T2 +73)/2

There are at least three ways of doing this
= Specify a matrix M in the hypothesistest H, : CBM = 0
thatis a (p x 1) vector with all

= Bonferroni-type: Same as above but split the « into pieces,
on part for each of the planned comparisons.

= Roys’ method, which is based on the “union-intersection”
principle.

" . Roy’s Method

e A Truly Multivariate Follow-Up
MANOVA
Summary: PCA, MANOVA, DA
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Using CBM =0
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Multivariate GLM

Simultaneous Confidence
Intervals

e Simultaneous Confidence
Intervals

eUsngCBM = 0
e Confidence interval for

CBM
e Our example: Cl for

CBM

e Plot of Means and 95 %
Confidence Regions

e Notes about These Cls

e Bonferroni Intervals

= C picks out which two (or more groups to compare).

e.g., want to compare bladder with the rest,
c=(0,1-.2,-2-2 -2 -.2)

= M picks out which variable (or linear combination of

variables).

e.g., Just compare d;, increase in survival from first

hospitalization,

M’ = (1,0)

Putting these together in our example gives us

0,1,—.2,—.2,—.2, —.2, —.2)

[ o
i1
fa1
Bs1
B
P51

Bz \
P12
P22
32
Ba2
Bs2

1
0

6
1
— 511 — 52@1

" . Roy’s Method

e A Truly Multivariate Follow-Up
MANOVA
Summary: PCA, MANOVA, DA
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Confidence interval for CBM

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

e Simultaneous Confidence
Intervals

eUsngCBM = 0
e Confidence interval for

CBM
e Our example: Cl for

CBM

e Plot of Means and 95 %
Confidence Regions

e Notes about These Cls

e Bonferroni Intervals

6 6
1
511 — 5;@1 = T11 _;Tll

We need two things:

= A “fudge-factor"— a value from a probability distribution

s An estimate of the standard error

A (1 — «)100% confidence statement given vectors C, (,41) and

CBM % |/ F1,.(0)y/ (M'S,00 M)(C(A'A)C")

Note: Consider two columns of B, 3, and 3,, the covariance
matrix between them is

COV(,BZ-, Bk) — Spool,ik:(A/A>_

" . Roy’s Method

e A Truly Multivariate Follow-Up
MANOVA
Summary: PCA, MANOVA, DA
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Our example: Cl for CBM
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One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
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Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

e Simultaneous Confidence
Intervals

eUsngCBM = 0
e Confidence interval for

CBM
e Our example: Cl for

CBM

e Plot of Means and 95 %
Confidence Regions

e Notes about These Cls

e Bonferroni Intervals

6
1 1
Bu—z> Bu = 130420 — Z(49.50 + 117.19 + 118.86 + 207.43 + 70.67)
[=2
= 1173.47
(M'S oo M)(C(A'A) C') = 5,001,11(0.2197619)

—  (427031.03)(0.2197619) = 93845.152

And Fi 57(.05) = 4.01. So our 95% confidence interval is

1304.20 + /4.01v/93845.152
1304.20 4+ +/4.01(306.34) — (560.03,1786.91)
Since 0 is not In the Interval, the mean increase in survival

from first hospitalization due to bladder cancer is larger than
the average of the others means.

Should we test whether the same iIs true for increase In
survival from time of untreatability?

" . Roy’s Method

e A Truly Multivariate Follow-Up
MANOVA
Summary: PCA, MANOVA, DA
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Plot of Means and 95% Confidence Regions
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Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

e Simultaneous Confidence
Intervals

eUsngCBM = 0
e Confidence interval for

CBM
e Our example: Cl for

CBM

e Plot of Means and 95 %
Confidence Regions

e Notes about These Cls

e Bonferroni Intervals

d2

e Roy's Method

e A Truly Multivariate Follow-Up
MANOVA

Summary: PCA, MANOVA, DA
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Notes about These Cls

e Outline
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GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

e Simultaneous Confidence
Intervals

eUsngCBM = 0
e Confidence interval for

CBM
e Our example: Cl for

CBM

e Plot of Means and 95 %
Confidence Regions

e Notes about These Cls

e Bonferroni Intervals

= |[f you're only looking (testing) the difference between two

means, e.g.,

Tig — Tl74

Then the standard error is just spool,m-\/l/nl + 1/ny

When looking at a difference for a variable (e.g., above),
these confidence statements are equivalent to what you
would get from 1-way ANOVA using Fisher’s least significant
differences; that is, they are univariate CIs.

When considering a linear combination of variables, these
Cls are equivalent to univariate Cls where you've analyzed a
new or composite variable defined by the linear combination.

In our example, we don’t have to worry too much about
Inflated Type | error rate, because we only did one CI after
rejecting the overall test and using multivariate contrasts to
narrow down where differences exist.

If you do all pairwise differences, there are g(¢g — 1)/2 pairs
times p variables. (e.q., 2(6)(5)/2 = 30).

" . Roy’s Method

e A Truly Multivariate Follow-Up
MANOVA
Summary: PCA, MANOVA, DA
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Bonferroni Intervals

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

If you have planned to look at all pairwise comparisons before
looking at the data (i.e., m = pg(g — 1)/2), then you can use

ty. (@/(2m))

as your fudge factor.

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

e Simultaneous Confidence
Intervals

eUsngCBM = 0
e Confidence interval for

CBM
e Our example: Cl for

CBM

e Plot of Means and 95 %
Confidence Regions

e Notes about These Cls

e Bonferroni Intervals

Let n, = > 7, n;. Forthe model X;; = p+ 7, + ¢, with j =
1,...,npand ! =1,..., g with confidence at least (1 —«), (73; — 71/4)
belongs to

= - 1 1
(Z1i — Zvs) £t () (2m)) 4 | Spootic (_ - )
ny ny

for all components (variables) i = 1, ..., p and all differences

[<l'=1,...,9.

No need to do this with our cancer data.

" . Roy’s Method

e A Truly Multivariate Follow-Up
MANOVA
Summary: PCA, MANOVA, DA
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Roy’s Method

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

e Simultaneous Confidence
Intervals

eUsngCBM = 0
e Confidence interval for

CBM
e Our example: Cl for

CBM

e Plot of Means and 95 %
Confidence Regions

e Notes about These Cls

e Bonferroni Intervals

This is based on the union intersection principle.

This is more like the first method that we considered (i.e.,
C BM); however, we use a different distribution for our
“fudge factor”.

We use Greatest Root, of |H — 0(FE + H)| = 0 where H
(between groups or hypothesis SSCP matrix) and £ = W
(error or within groups SSCP matrix) are independent
Wishart matrices.

To apply this result, we need percentiles of the greatest root
distribution of the largest root A of the equation
|[H — AE| = 0. Percentile can be found in tables

This distribution does not depend on X2 but only on
df =n—g—p—1.

Recommendation: I'ld suggest using Scheffé’s method where you
do 1-way ANOVA on a linear combination of variables and then
specify the contrast that you want.

" . Roy’s Method

e A Truly Multivariate Follow-Up
MANOVA
Summary: PCA, MANOVA, DA
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Summary: PCA, MANOVA, DA

d2
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Summary: PCA, MANOVA, DA

e Summary: PCA, MANOVA,
DA

SAS IML and GLM

7 1%t Discriminant
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SAS IML and GLM

m SAS IML code using “traditional” approach & GLM one.
= PROC GLM data=vitC;

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result

Multivariate GLM

Simultaneous Confidence
Intervals

Summary: PCA, MANOVA, DA

SAS IML and GLM

e SAS IML and GLM
o SAS GLM Output

class type ;
model d1 d2 = type /solution;
* Note: The order of the values in the contrast are alphabetical, in
this case order is bladder bronchus colon kidney rectum stomach,;
contrast 'bronchus=colon=kidney=rectum=stomach’
type 01000 -1, type001-100,
type01-1-101, type0111-41,;
contrast 'bladder vs others’type-511111;
manova h=type /printh printe;
estimate 'bvs o’ type 1-.2-.2-.2-2-.2;
Ismeans type,;
title 'MANOVA of vitamin C and Cancer’;

Alternate MANOVA statement where M is entered as M’:
manova h=type M=(1 0);

MANOVA
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SAS GLM Output

e Outline

Introduction to MANOVA

One-way ANOVA

GLM

One-Way MANOVA

Hypothesis Testing

Example: Distributed vs
Massed Practice

Following up a Significant
Result
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SAS IML and GLM

e SAS IML and GLM
o SAS GLM Output

Univariate ANOVAs for each dependent variable.
If requested, E (printe) and H (printh) SSCP matrices.

p characteristic roots and vectors of E~'H (i.e., discriminant
functions).

Other requested statistics:
0 contrasts

0 estimates of contrasts
0 cell means

0 etc.

Test statistics for “no overall effect” specified in MANOVA
statement.

MANOVA
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