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Outline

= Motivation
m \ectors
Motivation [ | Matnces
Vectors
atrices m Random Vectors & Matrices

Random Vectors and Matrices

m Useful Matrix Formulas

Useful Matrix Formulas

Hatix Software = Matrix Software (SAS/IML, MATLAB, & R)

Reading & Resources:
= Johnson & Wichern, Chapter 1, Chapter 2, supplement

= Chapter by Larry Hubert linked to course web-site

m Matrix reference manual at
http://www.ee.ic.ac.uk/hp/staff/dmb/matrix/intro.nhtml

= Matrix cookbook at http://matrixcookbook.com

Linear Algebra Slide 2 of 84



Motivation

Motivation

e Motivation

Vectors

Matrices

Random Vectors and Matrices

Useful Matrix Formulas

Matrix Software

Data Array:

nxp matrix X (cases x variables)
N——

“size” of matrix X
Why learn about linear algebra (& geometry)?

m Provides a useful mathematical form.

» Simplifies: shorthand with which extensive material can be
condenses into a compact form.

= Perform matrix operations in multivariate analysis.

s Needed for more advanced statistics and multivariate
methods

So we need to study matrices & operations and properties of
solutions.

Linear Algebra
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Vectors

e Outline

Motivation

Vectors

e \ectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to 1
dimensions

e Linear Dependence

e Linear Independence

e Geometry of linear

Vectors: An array x of n real numbers is called a vector &

written as
(@)
o ,
Tr = or x« I(ZCl,ZCQ,...,CEn)

)

= \ectors are denoted by lower case bold letters (i.e., when
hand written, put a ~ underneath the letter).

Typically, vectors are columns

Transpose of a (column) vector is ' is a row vector.
m A vector consists of n scalars (numbers).

= A vector is a matrix with one column, (n x 1).

(In)Dependence
e More about Basis

U'I}ﬁgfé%{%@ a Vector

e Projection of a VVector
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Vector as a Point

e Outline

Motivation

Vectors

e \ectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence

e Linear Independence
e Geometry of linear

A Vector is a point in n-dimensional space represented by an
arrow originating at zero.

All vectors have a Length and a Direction.

e.g.,

L2

L1

L2

X1

(In)Dependence
e More about Basis

k"ﬁ’?@fe%{%??@ a Vector

e Projection of a VVector
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Definition of Equal Vectors

e Outline

Motivation

Vectors

e \ectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to 1
dimensions

e Linear Dependence

e Linear Independence

e Geometry of linear

Two vectors (matrices) are equal if they have the same number

of rows, the same number of columns, and the corresponding
entries in each are equal

a=> means aij = bj; forall : & j

OR

Two vectors are equal (identical) if they both have the same
length and direction.

(In)Dependence
e More about Basis

U'I}ﬁgfé%{%@ a Vector

e Projection of a VVector
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Multiplication of Vector by a Scalar

e Outline

Motivation

Vectors

e \ectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence

e Linear Independence
e Geometry of linear

Suppose that c is some number (a scalar). For scalar
multiplication, multiply each entry of « by c:

cx' = (cx1,cxa, ..., cry,)

Example: Let ' = (3,1) and ¢ = 2
X2

x=(3,1)

cx = (6,2)

(In)Dependence
e More about Basis

k"ﬁ’?@fé@lﬂﬁp{ﬁ a Vector

e Projection of a VVector
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Reflection

e Outline

Motivation

Vectors

e \ectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence

e Linear Independence
e Geometry of linear

Multiplication of a

Example:

vector by ¢ = —1

—x' = (—x1,—T2,...,—Tp)

xIr

/

(3,1)

(In)Dependence
e More about Basis

k"ﬁ’?@fe%{%??@ a Vector

e Projection of a VVector
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Vector Addition

e Outline

Motivation

Vectors

e \ectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence

e Linear Independence
e Geometry of linear

The sum of two vectors, each with the same number of
elements (i.e., same size), element by element:

(o1

\ 2 )

eg.,x' =(3,1)and ¢y’ = (2,3)

N
|

r+vy

N 3, (2
1 3

|
_|_

(?h\

\y:n/

/ X1+ Y1 \

T2 + Yo

\ Zn +un /

(In)Dependence
e More about Basis

k"ﬁ’?@fé@lﬂﬁp{ﬁ a Vector

e Projection of a VVector



Geometry of Vector Addition

e Outline

Motivation

Vectors

e \ectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence

e Linear Independence
e Geometry of linear

Form a parallelogram by sliding the origin of one vector to the
end of the other.

The sum is the diagonal of the parallelogram. e.g.,

(In)Dependence
e More about Basis

k"ﬁ’?@fe%{%??@ a Vector

e Projection of a VVector
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Vector Subtraction

e Outline

Motivation

Vectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence

e Linear Independence
e Geometry of linear

Element by element addition

w’—y’:($1—ylafl?2—y27»~,$l—yl)

Geometrically, what does this look like?

y/ — (27 3)

(In)Dependence
e More about Basis

k"ﬁ’?@fe%{%??@ a Vector

o Projection of a VVector
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Length of Vector

e Outline

Motivation

Vectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence

e Linear Independence
e Geometry of linear

Remember the Pythagorean Theorem?

Let

L2

Yo

Ly =

2 2
xl—l—a:Z

=Y T Yo

= (w1, ®2)

(O, CEQ)

(In)Dependence
e More about Basis

k"ﬁ’?@fe%{%??@ a Vector

o Projection of a VVector
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Generalization to n-Dimensional Space

e Outline

Motivation

Vectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence

e Linear Independence
e Geometry of linear

Let
T = (561,562, .. .,CBn>

And the length of x is

Ly=\/2?+23+...+22 = Zx?

mn
=

Implications for scalar multiplication:

_ 2 2
cxt — Logp = \/CQxl—l—CQxZ—l—...—l—cQa:%

|c\\/x%+x§+...+x%
= |¢|Ly

= |f ¢ < 0, then change direction.
m If ¢ = —1, then change direction but not length.

(In)Dependence
e More about Basis

U'I}ﬁgfé%{%@ a Vector

o Projection of a VVector
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Length — Distance

e Outline

Motivation

Vectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence
e Linear Independence

e Geometry of linear

Distance between points.

Suppose we have a 2-dimensional space and a point

P = (5131,332)

Distance from the origin 0 = (0, 0) to point P is

d(0,P) = /zi 4+ 25 =L,

If point P has n coordinates, P = (x1, z2, ..., z,) then the
“straight-line” distance from the origin, 0 = (0,0,...,0)to P is

d(O,P):\/x%—I—xS—I—...—I—x%

(In)Dependence
e More about Basis

kirﬁﬁgfé%{%%)@ a Vector

o Projection of a VVector
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Distance between Two Arbitrary Points

e Outline

Motivation

Vectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence
e Linear Independence

e Geometry of linear

The “straight-line” distance between two arbitrary points
P=(x1,22,...,xn) and Q = (y1,y2,...,Yn) IS

d(P,Q) =/ (r1 —y1)2 + (T2 = y2)2 + ... + (Tn, — Yn)?

Why? Show this for 2-Dimensional case:

Q= (y1,92)

£r 1
The length of x — y is the distance between P — ().
eg.,x=(3,1),y=(23),and z

(In)Dependence
e More about Basis

U'I}ﬁgfé%{%@ a Vector

o Projection of a VVector
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Squared Distances

e Outline

Motivation

Vectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence
e Linear Independence

e Geometry of linear

All points that are a constant (squared) distance, say c? from
the origin 0 satisfy the equation

d*(0,P) =xf + x5+ ...+ 2> = ¢

This Is the equation for a sphere in n-dimensional space In
(un-weighted) Euclidean space.

e I E——

Statistical Distance: Weight scores by a variable’s standard
deviation (more about these later). This yields an ellipsoid,
which has important statistical connections.

(In)Dependence
e More about Basis

kirﬁﬁgfé%{%%)@ a Vector

o Projection of a VVector
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Direction: Angles between two vectors

e Outline

Motivation

Vectors

e \ectors

e Vector as a Point

e Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence

e Linear Independence
e Geometry of linear

6 = the angle between x and y

Y2 b Y

Lol | . L .

Y1 L1
What do we know or can compute?
" 7, T2, Y1, aNd yo

" Lo and Ly
u Qy and 0.

(In)Dependence
e More about Basis

k"ﬁ’?@fé@lﬂﬁp{ﬁ a Vector

o Projection of a VVector
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Trigonometry Review

e Outline

Motivation

Vectors

e \ectors

e Vector as a Point

e Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence

e Linear Independence
e Geometry of linear

Remember this?

And

So

cos(fz)

sin(fg)

cos(0)

cos(f)

and

cos(fly — Ox)
cos(fly ) cos(Og) + sin(fy ) sin(0x)

VR ANV
Ly Ly Ly Ly
T1Y1 + T2Y2

Ly Ly

(In)Dependence
e More about Basis

k"ﬁ’?@fé@lﬂﬁp{ﬁ a Vector

o Projection of a VVector
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Example: Computing angle between vectors

e Outline

Motivation

Vectors 2 CL‘/ — (4, 2)
e \ectors - L “““““““““““““““ i

e Vector as a Point

o Definition of Equal Vectors 9 !
e Multiplication of Vector by a L y

Scalar 9

e Reflection ! 9
e Vector Addition I 1? I
e Geometry of Vector Addition
e Vector Subtraction 4

1
! ot Ly = V42 +22 = V20 = 4472136 Ly = /12 + 42 = V17 = 4.12311

m-Dimensional Space
e Length ——> Distance

e Distance between Two
Arbitrary Points COS (0 ) — & ﬂ _|_ 2 2
e Squared Distances Ly Lw Ly Lw

e Direction: Angles between
two vectors

e Trigonometry Review
e Example: Computing angle o
between vectors

e Inner Product of Two Vectors
e Generalization to M
dimensions

e Linear Dependence

e Linear Independence AnSWGr COS_1(65079) — 49400

e Geometry of Linear

(In)Dependence
e More about Basis

U'ﬁ’?@fé@lﬂﬁp{ﬁ a Vector Slide 19 of 84
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Inner Product of Two Vectors

e Outline

Motivation

Vectors

e \ectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to 1
dimensions

e Linear Dependence

e Linear Independence

e Geometry of linear

Note:

cos(8) = (x1y1 + T2Yy2)
Vi + 23y + v

The “inner product” of vectors « and y equals (x1y1 + x2y2) .

= Also called the “dot product”.

= Denoted by x’y or y’'x (order doesn’t matter).

» 'y = 2191 + T2Uo

" ' =af+15=L%
"Y'y =y +y; =Ly

= cos(f) = 0when f =90° <
x and y are perpendicular when =’y = 0.

(In)Dependence
e More about Basis

kirﬁﬁgfé%{%%)@ a Vector

o Projection of a VVector
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Generalization to 7 dimensions

e Outline

Motivation

Vectors

e \ectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to 1
dimensions

e Linear Dependence

e Linear Independence

e Geometry of linear

If x and y are (n x 1) vectors, i.e.,
[ 21
L2
T = _ and y =

\%/ \%/

Then the inner product between x and y IS

(91\

'y =vy'c=(x1y1 +22y2 + ... + Tpy,) = ascalar

Lengthof x = Ly = vVa'x

'y x'y

T Laxly  Vaay'y
if and only if

cos(6)

x'y =0 x & y are perpendicular

(In)Dependence
e More about Basis

kirﬁﬁgfé%{%%)@ a Vector

o Projection of a VVector
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Linear Dependence

e Outline

Motivation

Linearly Dependent: A set of vectors x, s, ..., ) IS said to

Vectors

e \ectors
e \ector as a Point
o Definition of Equal Vectors

e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence
e Linear Independence

e Geometry of linear

be linearly dependent if there exists constants cq, ¢, ..., cx not
all equal to zero such that

c1x1 +coxro+...+crxp =0

If vectors are linearly dependent, then one vector in the set can
be written as a function (linear combination) of the others; that
IS,

1
r;, — —— E Cr
&)

ki

(1 (1 [ —4)

2

e.g.,
) )L

|f c1=1,¢c9=-5 and c3 = —1, then ley — dxy — 13 =0

(In)Dependence
e More about Basis

Urﬁﬁgfé%{%@ a Vector

e Projection of a VVector
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Linear Independence

e Outline

Motivation

Vectors

e \ectors
e \ector as a Point
o Definition of Equal Vectors

e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence
e Linear Independence

e Geometry of linear

If there are no constants c¢q, co, ..
such that

., ¢ hot all equal to zero

c1x1 +coxro+...+crxp =0

Then the vectors x4, 9, ..., x; are linearly independent.

Vectors are linearly independent if you cannot write one as a
linear combination of the others

Example
/é\ /1\ (8\
W) W)

The only constants that make the condition true is
c1 =co=cr =20

If all vectors in a set are (k x 1), at most how many vectors
could possibly be in a set of linearly independent vectors?

(In)Dependence
e More about Basis

U'I}ﬁgfé%{%@ a Vector

e Projection of a VVector
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Geometry of Linear (In)Dependence

e Outline

Motivation

Vectors

e \ectors
e \ector as a Point
o Definition of Equal Vectors

e Multiplication of Vector by a
Scalar

e Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence
e Linear Independence

e Geometry of linear

A basis is a set of linearly independent vectors and a basis
defines a space.

= For example, e, = (1,0) and e, = (0, 1) define the space in a
plane — these are special ones, a “standard basis”.

= The dimension of the space defined by a set of vectors
equals the number of linearly independent vectors in the set.

y/ — (17 4)

6/2 — (07 1)

T—'e’1 = (1,0)

Any third vector in either of these spaces must be a linear
combination of the other two? Try 2/ = (6,2)

(In)Dependence
e More about Basis

Urﬁﬁgfé%{%@ a Vector

e Projection of a VVector
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More about Basis

e Outline

Motivation

Vectors

e \ectors

e Vector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

o Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence
e Linear Independence

e Geometry of linear

= An example of a standard basis is the set of vectors
e, eq,...,e, Where e, equals a (p x 1) vector with all 0
except for a 1 in the k" position.

(1) [0 [0

\ 0 \ 0 \ 1)
= These vectors are all orthogonal: ej.e; = 0

= They all have length equalto 1: Le, = /ejer =1

= Any basis can always be transformed to an orthogonal one
(This can be done using the Grahm-Schmidt
orthogonalization process).

(In)Dependence
e More about Basis

Urﬁﬁgfé%{%@ a Vector

e Projection of a VVector
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Projection of a Vector

e Outline

Motivation

Vectors

e \ectors

e Vector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

o Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence
e Linear Independence

e Geometry of linear

Projection of x onto y: x

. Y

The projection of x onto y is in the same direction as y, but
has a different length.

= | ength of projection:
0 We know that cos(0) = L.« /Lg.
0 We also know that cos(0) = (x'y)/(La Ly)
0 So the length of the projection is

/ /
Ly« = Lg cos(0) = Ly ndt B
Lzly) Ly

= For the direction, find a unit vector in the direction of y,
1

Ly

(In)Dependence
e More about Basis

kirﬁﬁgfé%{%%)@ a Vector

e Projection of a VVector
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Projection of a Vector (continued)

e Outline

Motivation

Vectors

e \ectors

e Vector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

o Reflection

e Vector Addition

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence
e Linear Independence

e Geometry of linear

= Multiply the length of the projection L.+ (a scalar) times the
unit vector in the direction of y (recall what happens when
you multiply a vector by a scalar).

= The projection of x on y is

= (D))
xr = — | | =—
Ly ) \ Ly

\ - 7\ 7

scalar unit vector in same direction as y

x'y
p— ; y
y y \/
N~~~
scalar vector

= One use of this concept: observations (e.g., ) can be
broken down into the sum of mean (projection) plus deviation
or residual (vertical distance from x to end of =*).

(In)Dependence
e More about Basis

Urﬁﬁgfé%{%@ a Vector

e Projection of a VVector
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Zero and One Vector

e Outline

Motivation

Vectors

e \ectors

e \ector as a Point

o Definition of Equal Vectors
e Multiplication of Vector by a
Scalar

e Reflection

e Geometry of Vector Addition
e \ector Subtraction

e Length of Vector

e Generalization to
m-Dimensional Space

e Length ——> Distance

e Distance between Two
Arbitrary Points

e Squared Distances

e Direction: Angles between
two vectors

e Trigonometry Review

e Example: Computing angle
between vectors

e Inner Product of Two Vectors
e Generalization to v

dimensions
e Linear Dependence
e Linear Independence

e Geometry of linear

The null vector contains all 0’s,

[0

0

Lo

One use: null hypothesis values when testing multiple means.

(1

Vector of One’s

1)

Some of the many uses:
= Sum up elements of a vector or sum rows or columns of a matrix.

m |mportant when we talk about geometry of the mean.

(In)Dependence
e More about Basis

k"ﬁ’?@fé@lﬂﬁp{ﬁ a Vector

e Projection of a VVector
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Matrices

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

e Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

= A Matrix is any rectangular array of real numbers. We’ll use
upper case bold Roman letters to represent them.

= An arbitrary matrix with n rows and p columns

( ai ai2 ... QA1p \

A a1 a22 ... QAa2p

(nxp)

\ n1 QAp2 ... Anp )

m The first subscript indicates the row and second indicates a
column.

= A matrix with n rows and p columns is said to have order
(n X p).
= Another way to indicate a matrix (and it’s order) is

A = {aijfnxp

(& X &) mamx

e More About Determinants

piRsgPRIHesef Determinants
e Inverse of a Matrix
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Matrix Operations & Definitions of Special Ones

= Transpose operation is indicated by ' (e.g., A').

/
« Outine A = B < bjj = aj;

S Transpose changes the rows to columns and columns to
Vectors I'OWS

Matrices

e Matrices

® Matrix Operations & m Sometimes the letter T is used to indicate transpose,

Definitions of Special Ones
e Equal Matrices e g AT

e Scalar Multiplication It !
e Matrix Addition

e Matrix Multiplication Exam p | e

e Matrix Multiplication
e Matrix Multiplication is

Associative
e More Properties of Matrix ( 1 2 \

Operations

e Square and Symmetric 5 1

Matrices /

e Trace of a Square Matrix A(4X2) — and A(2X4) —
o Null and Diagonal Matrices 3 5

e Pre-Multiplication by a

Diagonal Matrix 3 O )
e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

(& X &) mamx

e More About Determinants
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Equal Matrices

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

e Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

Suppose we have two matrices A and B of the same n x p
order:

A= Lt and B =

nxp

As a definition for equality of two matrices of the same order

(and for which it only makes sense to talk about equality), we
have:

A =B ifandonlyif a;; = b;; forall:and j.

“If and only if” statement (sometimes abbreviated as “iff”)
Implies two conditions:

1. If A =B, then a;; = b;; for all 2 and j, and

2. Ifa;; = b;; forall  and j, then A = B.

Any definition by its very nature implies an “if and only if”
statement.

(& X &) mamx

e More About Determinants

piRsgPRIHesef Determinants
e Inverse of a Matrix
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Scalar Multiplication

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

= cA where cis a scalar (constant) and A is an arbitrary matrix

of any size.

= Multiply each element of A by the scalar c.

Cai1

cA

Can1

» B =cA = ca;j.

= Example where ¢ = 3:

Ca1p

Clnyp

aii

\4 X 4) matrix
e More About Determinants

piRsgPRIHesef Determinants
e Inverse of a Matrix
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Matrix Addition

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

= Addition is element-by-element.

C:A—I—B:>cij:aij—|—bij

= Two matrices must have the same order (referred to as
conformal for addition).

= Example:

( 12 ( 0 —6 ) ( L4
5 1 3 1 8 2

C=ATB=1 g 5|75 2| 7|6 3

\3 0/ \1 o) \4 o

= Matrix addition is commutative (i.e., order does not matter):
A+B=B+ A.

= Matrix addition is associative: (A+ B)+C = A+ (B+C)

(& X &) mamx

e More About Determinants
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Matrix Multiplication

m | et A(nxk) and B(kXp)-
= ForC = AB,

e Outline k

Motivation Cs; i — a; b .
1] IV

Vectors =1

Matrices P / .

e Matrices T az bj

e Matrix Operations & . .
Defiions of Special Ores — the inner product between the " row of A and the
o qual Matrices

e Scalar Multiplication

e Matrix Addition Jth COIUmn Of B

e Matrix Multiplication
e Matrix Multiplication [ b .
e Matrix Multiplication is ]—]

Associative b .
e More Properties of Matrix 2]

Operations — a; a; Q.
e Square and Symmetric 11 22 - ’Z,ki
Matrices

e Trace of a Square Matrix
o Null and Diagonal Matrices bk;]
e Pre-Multiplication by a
Diagonal Matrix
e Post-Multiplication by a
Diagonal Matrix
e |dentity Matrix

v = The number of columns of A must equal the number of rows
e Determinantofa (p X p) Of B
Matrix .

e Example: Determinant of a

\4 X 4) matrix
e More About Determinants
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Matrix Multiplication

Example: Axx3)B3x2)

e Outline 1 2 3 4 3

Vectors _ 2 1

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones —
e Equal Matrices

e Scalar Multiplication
e Matrix Addition

e Matrix Multiplication
e Matrix Multiplication
e Matrix Multiplication is —

Associative
e More Properties of Matrix

Operations
e Square and Symmetric

Matrices = |In General, matrix multiplication is not commutative; it may

e Trace of a Square Matrix
[ ol ana Diagona Metrices not even be possible to calculate both AB and BA. e.g.,
Diagonal Matrix

e Post-Multiplication by a 2 4 6
Diagonal Matrix

BixayAexsy = | 19 11 18 | # Aexs)Bexe
e Determinantofa (p X p)

Matrix 3 - 3 - 4

e Example: Determinant of a

\4 X 4) matrix
e More About Determinants
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Matrix Multiplication is Associative

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

Matrix multiplication is associative:
ABC = (AB)C = A(BC)

Using A and B from the previous slide and C,

1 2 3 o 2
3 10

A= . B=| 4 3|, cC=

o 1 2

5 2 47 98

105)310 65 70
12)

10 4
29 38 =
-7 6

47 98
65 70

(& X &) mamx
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More Properties of Matrix Operations

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

e Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

= Matrix multiplication is Distributive
0 Left distributive:

AB+ AC =A(B+C)
0 Right distributive:
AC+ BC =(A+ B)C

= Properties of transposes:
0 Product of transposes

(AB) = B'A’ and (ABC) =C'B'A’

etc.
0 Transpose of a transpose equals the un-transposed
matrix:

(A7) =A

0 Transpose of a sum equals the sum of the transposes:

(A+B)Y =A"+ B’

(& X &) mamx
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Square and Symmetric Matrices

A Square Matrix has the same number of rows as columns.
e.g.,
e Outline 1 2

Motivation A (2 X 2) — 5 7

Vectors

Matrices

« Marices A Symmetric Matrix is a square matrix where the rows equal

e Matrix Operations &

Definitions of Special Ones th e COI umns

e Equal Matrices
e Scalar Multiplication A —_ A, I e Qii = Q;
o Matrix Addition T g Jt
e Matrix Multiplication

e Matrix Multiplication
e Matrix Multiplication is

Associaive Alternatively, the upper triangle equals the transpose of the
e More Properties of Matrix . .

Operations lower triangle (and visa versa).

e Square and Symmetric

’:Airellzzsof a Square Matrix e. g .

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a /
Diagonal Matrix A — A —
e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

Lo = O
I R
p—

S B~ W
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e More About Determinants

pifeaPaitesf Determinants Slide 38 of 84
e Inverse of a Matrix



Trace of a Square Matrix

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

1 4 3
A=A'"=]| 4 7 -1
3 -1 3

= The “main” or “principal diagonal” entries are in red.

= The sum of main diagonal entries of a square matrix is called
the trace; thus,

trace(A(po)) = tI‘(A) = a1+ -+ app

= Our example,
tr(A) =1+7+3=11

\4 X 4) matrix
e More About Determinants
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Null and Diagonal Matrices

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

A Null Matrix has all elements equal to 0.

(o 0 ... o\
0 0 ... 0
O(nxp) =

\ 0 0 ... 0)
A Diagonal Matrix is a square matrix where the only non-zero
elements are on the diagonal, e.qg.,

(all 0 ... O\

0 as9 0

o 0w

Sometimes it's written as diag(ai1, asz, - - -, app)

D(pxp) —

(& X &) mamx
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Pre-Multiplication by a Diagonal Matrix

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

When you “pre-multiply” a matrix by a diagonal matrix it has
the effect of multiplying each row by the corresponding
diagonal, e.qg.,

(all O O\ (bll b12 blp\

0 ao2 “ e 0 b21 b22 “ e b2p

00 o ap )\ b b o by )

(allbll a11bi2 ... allblp\ (allbll\

a22b21  a22baa ... Aa2byp a22b5

\ Appbp1  appbp2 ... appbpp ) \ appb; )

\4 X 4) matrix
e More About Determinants
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Post-Multiplication by a Diagonal Matrix

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

When you “post-multiply” a matrix by a diagonal matrix it has

the effect of multiplying each column by the corresponding

diagonal, e.qg.,

\ b

( a11b11

a11b21

\ a11bp1

by

CL22bl2

a22b22

a22bp2

blp\ (CL11

0

= (a11b1, CLQQbQ, ..

0 )

0

App )

-7appbp>

\4 X 4) matrix
e More About Determinants
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ldentity Matrix

The Identity Matrix is a diagonal matrix with all entries equal to
1, e.q.,

(1.0 .. o\
0 1 0

Motivation
D p—

Vectors

Matrices

e Matrices O O ... 1

e Matrix Operations &

Definitions of Special Ones

» Equal Matices I, is call the identity matrix because

e Scalar Multiplication
e Matrix Addition

e Matrix Multiplication I 4 — 4 I — 4

e Matrix Multiplication p (po) (po) p (po)
e Matrix Multiplication is

Associative e g
AYEY

e More Properties of Matrix
Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix 1
o denty Wt Often see oI or AA~" =1.
e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

o O =
o = O
_ O O

|

’—L

I

|

—

—

3 5 2 3 5 2

(& X &) mamx
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Determinant of a Matrix

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

The determinant of a square matrix, A,.,, IS a scalar that is
associated with that matrix. Determinants are denoted by |A|
or det(A).

How to compute the determinant of
= A1 x 1 matrix:

lal = a
m A2 x 2 matrix:

a b
c d

A: —>‘A|:a/d_bc

s A3 x 3 matrix:

A= — |A| = aei+dhc+g fb—(ceg+ fha+idb)

& Q. &
> OO o
SR, ~ O

(& X &) mamx
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Determinant of a (p x p) Matrix

For p > 3, this requires the use a recursive process, but first
need some definitions:

« Gutine = Let A,, isbethe (p —1) x (p — 1) submatrix of A

Vitivation constructed by deleting the «!* row and v** column of A
Vectors

Vatices = Minor entry of a,, is the det(A,,)

e Matrices

e Matrix Operations &
Delnitons of Sheil Ones = The signed minor of (—1)“*¥ det(A,,) is the cofactor of a,,,.
e Scalar Multiplication

e Matrix Addition

« Marix Muiplication The recursive algorithm:

e Matrix Multiplication
e Matrix Multiplication is

poscitve = (1) Chose some row (or column) either arbitrarily or for
opons e convenience.

e Souare Mat = (2) Find the cofactors for the entries in it.

ressicsns | (3) The cofactors would then be weighted by the relevant
« Post-Multplication by a entries and summed. I.e.,

Diagonal Matrix p
e |dentity Matrix +

e Determinant of a Matrix u v ( )
e Determinantofa (p X p) det g CLUU det A

Matrix _ 1
e Example: Determinant of a -

g

(& X &) mamx
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Example: Determinant of a (4 x 4) matrix

(43
2

3
3
2

N =N
-

e Outline 1 1
Motivation \ 3 4 )
- 'l use the 2nd row, which I highlighted in red:

e Matrix Operations &
Definitions of Special Ones
e Equal Matrices

3
e Scalar Multiplication th(A) — 2(_1)1+2 3 _|_5(_1)2—|—2
2

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices —I—l(—1)2+3
e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a _

Diagonal Matrix T o 2 (O) —|_ 5 (2 1 ) o
e |dentity Matrix
e Determinant of a Matrix — 75
e Determinantofa (p X p)

Matrix
e Example: Determinant of a

NN
>~ = =
W =R
N DN
>~ = =

_I_O(_1)2—|—4

W =
N w W
=N N

W =R
=N W W
S = =

—
w
-

-
_l_
(@)
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More About Determinants

= The determinant of a diagonal matrix is equal to the product
of the diagonal elements:

e Outline
Motivation

Vectors ( aii 0 c e 0 \
Matrices 0 a2 RN 0

e Matrix Operations &
Definitions of Special Ones .
e Equal Matrices )

e Scalar Multiplication

e Matrix Addition \ 0 0 . App )
e Matrix Multiplication
e Matrix Multiplication

* Matrix Multpication is = The determinant of a upper— (or lower-) triangular matrix

Associative

o e ot et equals the product of the diagonal elements:

e Square and Symmetric
Matrices

e Trace of a Square Matrix ( ail a2 . .. a 1p \

o Null and Diagonal Matrices
e Pre-Multiplication by a

Diagonal Matrix O ans9o .. a2p

p
e Post-Multiplication by a A — - . - > det (A) = H a’j]
. . . j=1

p
e Matrices A — ] . . — det(A) — H a’J]
. . j=1

Diagonal Matrix
e |dentity Matrix
e Determinant of a Matrix

e Determinantofa (p X p)
Matrix K O O ce a’pp )

e Example: Determinant of a
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Properties of Determinants

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

e Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

= |[f one row (or column) of A is multiplied by a constant ¢, the
new determinant is cdet(A).

= |[f two rows or two columns of a matrix are interchanged, the
sign of the determinant is changed.

= |[f two rows or two columns of a matrix are equal, then the
determinant is zero.. .. (see example on previous page).

= The determinant is unchanged by adding a multiple of some
row to another row (the same is true for columns).

= A zero row or column implies a zero determinant.

s det(AB) = det(A) det(B)

(& X &) mamx

e More About Determinants

piRsgPRIHesef Determinants
e Inverse of a Matrix

Slide 48 of 84



Inverse of a Matrix

= Let A be a square (k x k) matrix.
= The inverse of a matrix is the analog to scalar

e Outline 1

ot a =~ SO a ta=1
otivation a

Vectors . .

. = There may exist a matrix B ;) such that

e Matrices

e Matrix Operations & AB — BA — I]C

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition .

e Matrix Multiplication . . —

« Marix Muipicaton = B is called the Inverse of A and is denoted as B = A~ .
e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations = The inverse exists if and only if the k£ columns (or rows) of A

e Square and Symmetric

watrices are linearly independent. i.e.,

e Trace of a Square Matrix
o Null and Diagonal Matrices C1Q CoQ C1A o O
e Pre-Multiplication by a 1 1 —l_ 2 2 —|_ —I_ k k:
Diagonal Matrix

e Post-Multiplication by a Where C]_ — 62 = ... = Ck — O_

Diagonal Matrix

© Detarminan of a i = If A~ ! exists, A is nonsingular.
e Determinantofa (p X p) ) . ]
e e Determinantof If A~ does not exists, then A is singular.
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Inverse of a Matrix

= A little example

3 2 »
e Outline A — , A = —

Motivation

Vectors

Matrices 1 (—6 + 16) (12 - 12) 1 O

e Matrices AA_ 1 — —

e Matrix Operations &

Definitions F())f Special Ones 1 O ( — 8 —I_ 8) ( 1 6 - 6) O 1
e Equal Matrices

e Scalar Multiplication
e Matrix Addition

Steps for computing the inverse of a matrix:
e Matrix Multiplication . . . .
« Matix ulilcaton 0 (1) Form a matrix of the same size as A containing the

e Matrix Multiplication is

Associative minors for all entries of A (i.e., for the (i, j)"* entry, the

e More Properties of Matrix
Operations

e Sqguare and Symmetric m I nor IS det (A’Lj ) .

Matrices

« Trace of a Square M 0 (2) Multiply the matrix of minors by (—1)*™7 to produce the

e Null and Diagonal Matrices
e Pre-Multiplication by a 1

e M matrix of cofactors.
e Post-Multiplication by a

Diagonal Marix 0 (3) Divide all entries in the cofactors matrix by det(A).

e |dentity Matrix . . . —
; Deeminanofavarx 0 (4) The transpose of the matrix found in (3) gives A™*.

Matrix
e Example: Determinant of a
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Example: Computing the Inverse

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

m The matrix A and it's determinant:
1 3 2

A= 0 1 1
0 2 1

and det(A) = —1

= (1) Matrix of minors: (2) Matrix of cofactors (i.e., (—1)""7)
-1 00 -1 0 0
1 1 2 11 =2
111 1 -1 1

m (3) Divide cofactors by det(A) = —1: (4) Transpose gives A"
1 0 0 1 -1 -1
-1 -1 2 A 0 —1 1

—1 1 -1 0 2 —1

\4 X 4) matrix
e More About Determinants

piRsgPRIHesef Determinants
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Inverse of a Matrix

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

e Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

m Check that answer is correct:
1 3 2 1 -1 -1
0 1 1 0 —1 1 =
0 2 1 0 2 —1

o O =
o = O
_ O O

= Computing inverse for 2 x 2 is easy:

a b 4 1 d —b
A= — A = —
c d ad—bc \ _c g

= Except for small matrices (k = 2 or 3), calculating the matrix
iInverse is (usually)difficult, so we’ll let the computer do it for
use.

= The exceptions are for diagonal and triangular matrices.. ..

(& X &) mamx
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Inverse of a Diagonal and Triangular Matrices

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

Inverse of a Diagonal Matrix:

(all O O \ (1/&11 O
0 az2 0 0 1/0,22

\ 0 0 ... ap ) \ 0 o0

Inverse of a Triangular matrix is a triangular matrix:

(CL11 O 0 \ (1/&11 0
0

as1 as2 b21 1/&22

\ ap1 Ap2 ce App ) \ bpl bp2

1/app )

\4 X 4) matrix
e More About Determinants
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Orthogonal Matrices

= A, Is an orthogonal matrix if for all pairs of columns (rows)

0 fori=#k

e Outline a;ak — y
. 1 fori=k
s = If Aisorthogonal,then A’ = A™'; thatis, AA™' =T =AA’

and A~'A=T=AA.

e Matrix Operations &

Definitions of Special Ones [} Because

e Equal Matrices

» Soslr atpton 0 A’A = I = Each column of A has length equal to 1 and
o Mt Mutipicaton all pairs of columns are orthogonal (i.e., perpendicular).

- Vit Wpicain s 0 AA' = I — Each row of A has length equal to 1 and all
;Mpp o ati pairis of rows are orthogonal.

et » If A is orthogonal, then det(A) = +1.

e Trace of a Square Matrix

-naandoagonavaices | @ 1f A and B are both orthogonal, the AB is also orthogonal.

e Pre-Multiplication by a

Dagona e = | engths of vectors don’t change under orthogonal
Diagonal Matix transformations; that is, let y = Ax; then

e |dentity Matrix
e Determinant of a Matrix

e Determinantofa (p X p) L2y — y/y — (Aw)/(Aw) — w’A’AQI} — w/IZI} — wlw p— LQw

Matrix
e Example: Determinant of a
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Rank of a Matrix

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

e Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

= We can consider a matrix A,,x, as a collection of column
vectors and/or a collection of row vectors:

(71
T
A = 2(01,62,...,Cp)

ey

where r; = (a;1, a;2, . . ., a;,) and c;- = (a15,a2j,...,an;).

= The Rank of a matrix is the maximum number of independent
rows or columns in a matrix (row rank equals column rank).

= The rank of a matrix must be less than or equal to the
smaller of n and p.

» Full Rank of a matrix means that the rank of the matrix
equals the smaller of n or p.

(& X &) mamx
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Rank Demonstration

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

e Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

Rows as vectors:

(\

—_ =
|

|

—_ Ot DN
+
w

|

—_ = O
I

o o O

Linearly independent or dependent? What'’s the row rank?
Columns as vectors

(& X &) mamx
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Usefulness Properties of Rank

= A and A’ have the same rank.

m A'A, AA’, and A have the same rank.

e Outline

Motiation = The rank of a matrix is unchanged by a pre- or

Vectors postmultiplication by a nonsingular matrix.

Matrices

e eratons & = The rank of a matrix is unchanged by what are called

pefintons of Special Ones elementary row and column operations:

. ual Matrices
° EgalarMMutltiplication
g 0 Interchange of two rows or two columns.

e Matrix Multiplication
e Matrix Multiplication is

Associaive 0 Multiplication or a row or a column by a scalar.

e More Properties of Matrix
Operations -
o Square and Syt 0 Addition of a row (or column) to another row (or column).
Matrices

e Trace of a Square Matrix

* Null and Diagonal Matrices This is true because any elementary operation can be

e Pre-Multiplication by a

Diagonal Mt represented by a premultiplication (if the operation is to be

e Post-Multiplication by a

Diagonal Matrx on rows) or a postmultiplication (if the operation is to be

o |dentity Matrix . .
« Determinant o et on columns) of a nonsingular matrix.
e Determinantofa (p X p)

Matrix
e Example: Determinant of a
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Quadratic Forms

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

m Suppose A, «,, IS symmetric and let x
guadratic form is defined by

n n
/
rAx = g g ajrTiTh

j=1 k=1

2 2
=  a11x] t a22x5 + -+ + AppT

,:(ZCl,...,CE‘n).A

2
n

+2a1201%2 + -+ - + 2010010 + - + 20(n—1)nTn—1Tn

= \Why are quadratic forms important? One example,... What

does this equal?

[(n/1-n)  —1/n
—1/n n/(1—n)

(331,562, ... ,xn)

\ —1/n —1/n

—1/n \
—1/n

n/(1—n) |

[

L2

o )

\4 X 4) matrix
e More About Determinants
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More about Quadratic Forms

e Outline

Motivation

Vectors

Matrices

e Matrices
e Matrix Operations &

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication

e Matrix Addition

e Matrix Multiplication

e Matrix Multiplication

e Matrix Multiplication is

Associative
e More Properties of Matrix

Operations

e Square and Symmetric
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices
e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a

= A symmetric matrix A (and associated quadratic form) is

0 positive definite (p.d.) if x’ Ax>0 for all x # 0.

0 positive semi-definite (p.s.d) if ' Ax>0 for all .

= Negative definite, negative semi-definite, and indefinite forms
exist as well: however, correlation and covariance matrices
(and W)

0 Are at least positive semi-definite.

0 Satisfies the stronger condition of being positive definite if
the vectors of the variables on which the correlation and
covariance matrices is based, are linearly independent.

= Matrices that are positive definite have inverses (i.e.,
nonsingular).
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First Pass at Eigenvalues and Eigenvectors

= A square matrix A,x, has an eigenvalue X (a scalar) and a
corresponding eigenvector x (£ 0) if

« Outine Ax = \x or equivalently (A —-Xl)x =0

Motivation

= Note:

Vectors

Matrices

e Matrices

e Matrix Operations & Aw — )\w

Definitions of Special Ones
e Equal Matrices

e Scalar Multiplication AQIZ — )\ZB — O
e Matrix Addition

e Matrix Multiplication A:U — )\I X — 0

e Matrix Multiplication

e Matrix Multiplication is (14:B _ )\I) T — O

Associative
e More Properties of Matrix

Operations
e Square and Symmetric
Matrices

» Trace of a Square Malrx = Usually we divide x by it’'s length L, so that we get a

e Null and Diagonal Matrices

» Pre-Multipication by a normalized eigenvector; eigenvectors with length = 1,

Diagonal Matrix
e Post-Multiplication by a

z (2N () _z=

e Determinant of a Matrix e — L e e — L L — / — 1
e Determinantofa (p X p) £r £r xZr LT

Matrix

e Example: Determinant of a
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Spectral Decomposition

« Outine = If A,», IS symmetric, then A has p pairs of eigenvalues and
Votvation eigenvectors

Vectors

Matrices )\1’ el )\2’ 62 vt )\p7 ep

e Matrices . - .

» Matx Operatons & = Matrix decomposition (very important)

Definitions of Special Ones
e Equal Matrices / / /
e Scalar Multiplication A — )\ élée _|_ >\ éoé _|_ . e _|_ )\ é..e

o Matrix Addition 1&1%1 2622 p=p~—p
e Matrix Multiplication

e Matrix Multiplication
e Matrix Multiplication is

S ore roperties of Matrix = \We'll cover this in more detail later, as well as some other
= Square and Symmetic topics (including SVD of rectangular matrices).
Matrices

e Trace of a Square Matrix

o Null and Diagonal Matrices

e Pre-Multiplication by a
Diagonal Matrix

e Post-Multiplication by a
Diagonal Matrix

e |dentity Matrix

e Determinant of a Matrix

e Determinantofa (p X p)

Matrix
e Example: Determinant of a
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Random Vectors and Matrices

e Outline

Motivation

Vectors

Matrices

Random Vectors and Matrices

e Random Vectors and
Matrices

e Expected Values

e Expected Values (continued)
e Expected Values for Matrices
e Implications of Statistical
Independence

e Zero Covariance does not
imply Independence

e Simplify Notation by Using
Matrices

e Definition of Covariance

Matrix
e Estimation of Population

Quantities
e Estimation

e Correlation Matrices
e Correlation/Covariance Matrix

Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix

Mean Vectors, Covariance Matrices and Correlation Matrices

m Random vector is a vector whose elements are random
variables.

m Random matrix is a matrix whose elements are random
variables.

s Let X = {X,i}nxp De arandom matrix (i.e., data matrix).

The expected value of X equals the expected values of it’s
entries (the random variables):
( E(X11) E(Xi2) - E(Xyy) \

B(X) — E(X21) E(Xa22) -+ E(Xg)

\E(an) E(Xp) - E(Xu) )

assuming E(X i) exists for all (5, k).

Useful Matrix Formulas

Maga Sigethice
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Expected Values

e Outline

Motivation

Vectors

Matrices

Random Vectors and Matrices

e Random Vectors and
Matrices

e Expected Values

e Expected Values (continued)
e Expected Values for Matrices
e Implications of Statistical
Independence

e Zero Covariance does not
imply Independence

e Simplify Notation by Using
Matrices

e Definition of Covariance

Matrix
e Estimation of Population

Quantities
e Estimation

e Correlation Matrices
e Correlation/Covariance Matrix

Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix

= F(X,) equals the expected value or mean of random
variable X ;.

= If X, Is discrete, then

E(X5) = Y xwpin(z;n)
all

where p;i(x,%) is the probability mass function of X .

= |If X, is continuous, then

+o0
E(X; ):/ ik fik (k) dz ik

— OO0

where f;;(x;x) is the probability density function of X .

In this class, our “dependent” variables will be continuous and
we’ll use the multivariate normal distribution.

Useful Matrix Formulas

Maga Sigethice
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Expected Values (continued)

e Outline

Motivation

Vectors

Matrices

Random Vectors and Matrices

e Random Vectors and
Matrices

e Expected Values

e Expected Values (continued)
e Expected Values for Matrices
e Implications of Statistical
Independence

e Zero Covariance does not
imply Independence

e Simplify Notation by Using
Matrices

e Definition of Covariance

Matrix
e Estimation of Population

Quantities
e Estimation

e Correlation Matrices
e Correlation/Covariance Matrix

Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix

= Little example using a discrete variable
0 Let X1; be a Bernoulli random variable.
0 The probability mass function is

0 with probability =1 — 74

X11 — . -
1 with probability = m;

0 The mean of Xy Is
E(X11)=0(1 —m1) + 1my = m1q
Here “all " = {0, 1}.

Useful Matrix Formulas

Maga Sigethice
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Expected Values for Matrices

e Outline

Motivation

Vectors

Matrices

Random Vectors and Matrices

e Random Vectors and
Matrices

e Expected Values

e Expected Values (continued)
e Expected Values for Matrices
e Implications of Statistical
Independence

e Zero Covariance does not
imply Independence

e Simplify Notation by Using
Matrices

e Definition of Covariance

Matrix
e Estimation of Population

Quantities
e Estimation

e Correlation Matrices
e Correlation/Covariance Matrix

Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix

= Let X, «, and Y, », be random matrices, then
E(X+Y)=EX)+ E(Y)
= Alsolet A,,«, and B, be matrices of constants, then
FE(AXB)=AFE(X)B

= Preliminaries: Let X ,,«1 be a random vector where each
element X; is a random variable with

pi = E(X;) and oii = E((X; — 113)°)

forall:=1,...
= The covariance between X; and X Is

oir = E((Xs — i) ( Xk — i)

These expected values are computed using the joint
probability mass function (if discrete) or the probability
density function (if continuous) for X,; and X},

fir (@i, zr) or pik (x4, Tk)

,p, and /o;; equals the standard deviation.

Useful Matrix Formulas
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Implications of Statistical Independence

e Outline

Motivation

Vectors

Matrices

Random Vectors and Matrices

e Random Vectors and
Matrices

e Expected Values

e Expected Values (continued)
e Expected Values for Matrices
e Implications of Statistical
Independence

e Zero Covariance does not
imply Independence

e Simplify Notation by Using
Matrices

e Definition of Covariance

Matrix
e Estimation of Population

Quantities
e Estimation

e Correlation Matrices
e Correlation/Covariance Matrix

Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix

= Let's consider all p random variables simultaneously (i.e., the
random vector)

X, — (X17X27 e °7Xp)
= Let f(x) be the joint probability density (mass) function,
f(x) = f(@1, @2, -+, xp)

In this class, f(x) is the multivariate normal distribution.

= |f X; and X, are statistically independent, then the joint
probability function factors, e.qg.,

fie(zi, 2x) = fi(2;) fr () — oir =0

Statistical independence implies o, = 0.
= |f all (g) pairs of variables are statistically independent, then

f(w) — f(fclaan t '7xp) — fl(fC1>f2(CC2) s fp(pr) —> Ok — 0 \V/’L, k

Useful Matrix Formulas
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Zero Covariance does not imply Independence

e Outline

Motivation

Vectors

Matrices

Random Vectors and Matrices

e Random Vectors and
Matrices

e Expected Values

e Expected Values (continued)
e Expected Values for Matrices
e Implications of Statistical
Independence

e Zero Covariance does not
imply Independence

e Simplify Notation by Using
Matrices

e Definition of Covariance

Matrix
e Estimation of Population

Quantities
e Estimation

e Correlation Matrices
e Correlation/Covariance Matrix

Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix

= |n general, the reverse is not true; that is, a 0 covariance
does not necessarily imply statistical independence.

The exception is when f(x) is multivariate normal.

= |n sum,
0 Statistical independence implies 0 covariance.

0 0 covariance does not imply statistical independence.

0 0 covariance and multivariate normal implies statistical
Independence.

Useful Matrix Formulas
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Simplify Notation by Using Matrices

e Outline

Motivation

Vectors

Matrices

Random Vectors and Matrices

e Random Vectors and
Matrices

e Expected Values

e Expected Values (continued)
e Expected Values for Matrices
e Implications of Statistical
Independence

e Zero Covariance does not
imply Independence

e Simplify Notation by Using
Matrices

e Definition of Covariance

Matrix
e Estimation of Population

Quantities
e Estimation

e Correlation Matrices
e Correlation/Covariance Matrix

Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix

(E(Xl) \ /Ml \
E(X2) 2

ey )\

and

(011 012 - 01p\

021 022 -+ O9p

Kapl Op2 - Upp)

where o, = o;.

In sum, X is p x p symmetric matrix with variances along the
diagonal and covariances on the off-diagonal.

Useful Matrix Formulas

Maga Sigethice
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Definition of Covariance Matrix

¥ = BE(X - p)(X—p))

e ([ Xa—m) ) )

(X2 — p2)

Vectors - E _ (X1 —p1), (X2 —p2), -, (Xp — 1p))

Matrices .

Random Vectors and Matrices
e Random Vectors and (Xp — ILLp)
Matrices
e Expected Values 2

E((Xq1 — E(Xq1 — Xo — - E((Xq1 — Xy —
e Expected Values (continued) (( 1 Hl) ) (( 1 'ul)( 2 9 H2)) (( 1 Hl)( p Hp))
e Expected Values for Matrices E((X2 _Hl)(Xl _Hl)) E((XQ _M2) ) E((X2 _HQ)(Xp _Hp))
e Implications of Statistical —
Independence
e Zero Covariance does not : : :
imply Independence E((Xp — up)(X1 — p1))  E((Xp — pup)(Xg — p2)) -+ E(Xp — up)?)
e Simplify Notation by Using
Matrices
e Definition of Covariance

Matrix
e Estimation of Population

Quantities
e Estimation

e Correlation Matrices
e Correlation/Covariance Matrix

Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix

Useful Matrix Formulas
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Estimation of Population Quantities

e Outline

Motivation

Vectors

Matrices

Random Vectors and Matrices

e Random Vectors and
Matrices

e Expected Values

e Expected Values (continued)
e Expected Values for Matrices
e Implications of Statistical
Independence

e Zero Covariance does not
imply Independence

e Simplify Notation by Using
Matrices

e Definition of Covariance

Matrix
e Estimation of Population

Quantities
e Estimation

e Correlation Matrices
e Correlation/Covariance Matrix

Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix

The sample mean vector x is an estimator of .

(@)

S
|

\ 7, /
The matrix of sample variances and covariances S is an
estimator of X:

/811 S12 - Slp\

S§21 S22 -+ S2p

\ Spl  Sp2 Spp )
1 n
where s = - Z(x" — Z)(xp — T), SO Sik = Ski
j=1

Useful Matrix Formulas
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Estimation

e Outline

Motivation

Vectors

Matrices

Random Vectors and Matrices

e Random Vectors and
Matrices

e Expected Values

e Expected Values (continued)
e Expected Values for Matrices
e Implications of Statistical
Independence

e Zero Covariance does not
imply Independence

e Simplify Notation by Using
Matrices

e Definition of Covariance

Matrix
e Estimation of Population

Quantities
e Estimation

e Correlation Matrices
e Correlation/Covariance Matrix

Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix

x Is the maximum likelihood estimator of L.
S 1s the maximum likelihood estimator of X..

Maximum likelihood estimators are denoted by
l.e., ir and X,

3 = S'is a biased estimator of 3. For an unbiased one,
divide sum of squared deviations by (n — 1).

The sum of squared deviations and sum of cross-product
deviations

W = {wik}po
n _ _ .
where w;, = ijl(a:ﬂ — Z;) (x5 — Tk), Which are the
numerators of the variances and covariances.
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Correlation Matrices

e Outline

Motivation

Vectors

Matrices

Random Vectors and Matrices

e Random Vectors and
Matrices

e Expected Values

e Expected Values (continued)
e Expected Values for Matrices
e Implications of Statistical
Independence

e Zero Covariance does not
imply Independence

e Simplify Notation by Using
Matrices

e Definition of Covariance

Matrix
e Estimation of Population

Quantities
e Estimation

e Correlation Matrices
e Correlation/Covariance Matrix

Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix

The population (Pearson product-moment) correlation
coefficient Is

Oik
VOii\/ Okk
which measures the amount of linear association between the
random variables X; and X...

Pik =

The population correlation matrix:

/ 1 pi2 - plp\ /011/\/011011 o12/4/011022 -+ O1p/+/0110pp
p21 1 -+ pop 021 /+1/022011  022/+/022022 -+ O2p/+/0220pp

\Ppl pp2 -1 ) \Upl/\/appall Op2/\/Opp022 '+ Opp/\/TppOpp
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Correlation/Covariance Matrix Relationship
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e Random Vectors and
Matrices

e Expected Values

e Expected Values (continued)
e Expected Values for Matrices
e Implications of Statistical
Independence

e Zero Covariance does not
imply Independence

e Simplify Notation by Using
Matrices

e Definition of Covariance

Matrix
e Estimation of Population

Quantities
e Estimation

e Correlation Matrices
e Correlation/Covariance Matrix

Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix

IN matrix terms. ..

Define
[yyen 0 o0 )
D;iz/f: 0 1/\/0az -~ 0
Lo 0 1
Recall:

= Pre-multiplication of a matrix by a diagonal matrix —
multiply the ;5" row of the matrix by the d,; (j'* diagonal
elements).

= Post-multiplication of a matrix by a diagonal matrix —
multiply the k' column of the matrix by the k' diagonal
element, di.
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Correlation/Covariance Matrix Relationship

e Outline

Motivation

Vectors
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e Random Vectors and
Matrices

e Expected Values

e Expected Values (continued)
e Expected Values for Matrices
e Implications of Statistical
Independence

e Zero Covariance does not
imply Independence

e Simplify Notation by Using
Matrices

e Definition of Covariance

Matrix
e Estimation of Population

Quantities
e Estimation

e Correlation Matrices
e Correlation/Covariance Matrix

Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix

So

where D'/?

e.g.,

P = D_1/2ED_1/2

= diag(y/0i).

N = =
W A~ =
O W N

1/3

1 1/2 2/6
1 1/2

1/2
2/3 1/5

1

and

> = DY/2ppD'/?
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Estimation of Correlation Matrix

The sample correlation matrix R estimates P,

( 1 12 e Tip \

?’"21 1 o o o ”“2p

e Outline

Motivation

Vectors

Matrices
r T | )
Random Vectors and Matrices \ p 1 p 2

e Random Vectors and
Matrices

e Expected Values Wh r ; — ) A/ 2/ .
° Exzecte;I za:ues (continued) e e TZk SZk: / ( S’I,’Z, Sk:k: )
° Expgctgd Values fo.r Matrices ] ] ]
e one of Statatea The relationship between S and R is the same as the one
oy maeniencs | between X and P.
e Simplify Notation by Using
Matrices

;/IaDt:ail‘(inition of Covariance Let DS— ]_/2 _ dlag (\/S—m> ’ then

e Estimation of Population
Quantities

:Ezt:rtﬁe:ii)nnMatrices S — D;/QRD;/2 and R — DS_]‘/2SDS_1/2

e Correlation/Covariance Matrix
Relationship

e Correlation/Covariance Matrix
Relationship

e Estimation of Correlation
Matrix
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Useful Matrix Formulas: Mean vector
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Vectors

Matrices
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Useful Matrix Formulas

e Useful Matrix Formulas:

Mean vector
e Matrix of Deviations from

Means
e Covariance Matrix
e Correlation Matrix

Matrix Software

(n x p) Data Matrix X

( 11 T12

21 I22

K Inl Tn2

(p x 1) Mean vector x

(il\ (5611

S|

\f:p) \x:lp

Oor as a row vector

Zlflp \

Zlfgp

Lnp )

L21
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Matrix of Deviations from Means

e Outline

Motivation

Vectors

Matrices
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e Useful Matrix Formulas:

Mean vector
e Matrix of Deviations from

Means
e Covariance Matrix
e Correlation Matrix

Matrix Software

Note:

(1\ (:El T

1 1 I

n " ;
\ 1/ \ 71 %
So,
( T11 —T1 T12 — T2 Tip — Tp
1 To1 —T1 T22 — T2 Top — Tp

\xnl_fl an_ZEQ coe Ipp — Tp
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Covariance Matrix

e Outline
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e Useful Matrix Formulas:

Mean vector
e Matrix of Deviations from

Means
e Covariance Matrix
e Correlation Matrix

Matrix Software

(p x p) Variance/Covariance Matrix S

() (x-qux) (x-fnnix)
() ) ()
= (ni1>x’(1 11’>X

S =

Since

Also,
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Correlation Matrix

Define: (311 0o O\

0 S22 ... 0
Dpxp =

e Outline

Motivation ] ] . )
Vectors K O O ot Spp )

Matrices

Random Vectors and Matrices an d ( ]- / A\/ S 11 O o o . O \
0

Useful Matrix Formulas 1/q /822 . .. O
e Useful Matrix Formulas: —1 /2
Mean vector Dp X P — . .

e Matrix of Deviations from
Means

e Covariance Matrix
e Correlation Matrix K O O .« o e ]./4 /Spp )

Matrix Software

(p x p) Correlation Matrix R
R = D—1/2SD—1/2

— ( 1 )D_1/2X, (I_ l].n].,/n> XD—1/2
n

n—1

And g — DY2RpY/?
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Matrix Software

. SAS/IML

e Outline

Motivation

Vectors

Matrices

Random Vectors and Matrices

Useful Matrix Formulas

Matrix Software

e Matrix Software: SAS/IML
e SAS/IML (continued)

o MATLAB

e R (SPlus)

e R (continued)

proc iml;

* Create matrices;

A= {1 2 3,
5 1 2}

B= {2 0
4 3,
-2 1}

* Matrix addition;
E=A+B

print E;

* Matrix Multiplication;

AB=A*B;
BA=B*A;

print 'Multiplication is (usually) not commutative’,

'AB="AB,
'BA="BA;
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SAS/IML (continued)
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Matrix Software

e Matrix Software: SAS/IML
e SAS/IML (continued)

o MATLAB

e R (SPlus)

e R (continued)

* Determinant of a matrix;
A= {4 3 2 1,
2 5 1 0,
1 3 2 1,
3 2 1 4}
detA = det(A);
print detA;

* Inverse of a matrix;
INVA = inv(A);
checkl = InvA*A;
check2 = A*InvA;

* Trace of a matrix;
trA = trace(A);

print invA, checkl, check2, trA;
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MATLAB
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Matrix Software

e Matrix Software: SAS/IML
e SAS/IML (continued)

o MATLAB

e R (SPlus)

e R (continued)

A= [1

3

w o1 W

2

detA = det(A)

INVA = inv(A)

INVA*A:
A*INVA;
trace(A)

2]

R DD PN
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R (SPIlus)

e Outline

Motivation

Vectors

Matrices
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Matrix Software

e Matrix Software: SAS/IML
e SAS/IML (continued)

o MATLAB

e R (SPlus)

e R (continued)

# Exanple of R code for sinple matri x operations

# Create natri ces
A <-
B <- matrix(c(2, 4,

# Matrix addition (A plus transpose of B)

matrix(c(1,5, 2,1, 3, 2),

-2, 0, 3,

# Matrix nultiplication

AB <-
BA <-

A % % B
B % % A

# Note that the follow ng does el enent by

# elenment multiplication

AtB <- A * t(B)

nr ow=2,

1),

nr ow=3,

ncol =3)

ncol =2)
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R (continued)

e Outline

Motivation

Vectors
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Matrix Software

e Matrix Software: SAS/IML
e SAS/IML (continued)

o MATLAB

e R (SPlus)

e R (continued)

# Determnant of a matri x

A <- matrix(c(4,

nr ow=4,
det <- det (A

# Inverse of a nmatri x
| n'VA <- sol ve(A)

# Check
Al nvVA <- A %% i nvA
| N"\VAA <- invA %% A

4) ,
ncol =4)
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