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Outline

= Motivation
Motivation ]

| = Population
Population
S = Estimation
Example
Two Sets m Example

= Two sets of Variables (and more linear algebra)

Reading: Johnson & Wichern pages 75-75, 149-192
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Motivation

= A major tool for data reduction & insight into why reject H,
regarding us.

" outine = Definition: A Linear Combination of p (random) variables
X1, X0, -, Xpis a1 Xq +asXo + - + ap Xy,

Population L et

Estimation

Example ( X \

o Sets X,

a' = (a1,az, -, ap) and X =

\ X, /
A linear combination in terms of vector operations is

/

» The linear combination a’ X is itself a random variable.
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Mean of Linear Combination

e Outline

Motivation

Population

e Mean of Linear Combination

e Variance of a Linear
Combination

e Results if we add a constant
e Multiple Linear Combinations
e Mean and Covariance for g
e Kind of an Example

e Kind of an Example

Estimation

Example

Two Sets

The mean of a’ X is
E(@'X) = El@mXi+aXo+- - +a,Xp)
= F(a1X1)+ E(aXs2)+ -+ E(a, X))
= a1 E(X1)+aE(Xs)+ - +a,E(X))
= Q1f41 + Qg2 + A Apllp
= a'p

where

(51\

1

Know this:

Ead'X)=d

Linear Combinations of Variables
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Variance of a Linear Combination

e Outline

Motivation

Population

e Mean of Linear Combination
e Variance of a Linear

Combination

e Results if we add a constant
e Multiple Linear Combinations
e Mean and Covariance for g
e Kind of an Example

e Kind of an Example

Estimation

Example

Two Sets

The variance of a’ X is
var(a’'X) = var(a1 Xy +asXo+ -+ a,X,)
= ajvar(Xi) +azvar(Xz) + - - - + azvar(X,)
+ajazcov(Xy, Xo) + -+ ap_1a,C0V(X,_1, X))

p
2
= E @Z-Uz'rl-g E aiakUz‘kz:E E a; L0k
i=1 ik ik

i#k
More compactly, for p = 2,
VEU’(CL’X) = CL%O'H + 2a1a90719 + CL%O-QQ
011 012 51
— (CLl, CL2)
021 022 a2
= a'Xa
A Quadratic Form. For any p, var(a’' X) = a’'Xa
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Results if we add a constant

e Outline

Motivation

Population

e Mean of Linear Combination
e Variance of a Linear

Combination

e Multiple Linear Combinations
e Mean and Covariance for g
e Kind of an Example

e Kind of an Example

Estimation

Example

Two Sets

If we add a constant to the linear combination,

aXi+aXo+--F+a,X,+c=a'X+c
Then

Mean: Changes location

E@X +c)=d'E(X)+c=d'u+c

Variance: No chance

var(a’X +¢) = a'Xa

Linear Combinations of Variables
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Multiple Linear Combinations

e Outline

Motivation

Population

e Mean of Linear Combination
e Variance of a Linear

Combination

e Results if we add a constant
e Mean and Covariance for g
e Kind of an Example

e Kind of an Example

Estimation

Example

Two Sets

Sometimes one just isn’'t enough. ..

Suppose that there are ¢ linear combinations of the p random
variables,

Y1 = anXi+aeXo+ -+ apXy
Y2 = a21X1+aXo+ -+ apX,
Yg = CquXl -+ CLq2X2 —+ -4+ CLqup

In matrix form,

/yl\ (&11 iz - &1p\ (X1\

a21 Q22 -+ Q2p Xo
Ygx1 = — : : _ : . — AqXpoxl

\y:q) \aflzp a;ﬂ a(;p) \Xp)

No restriction on ¢, but usually ¢ < p

Linear Combinations of Variables
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Mean and Covariance for ¢

e Outline

Motivation

Population

e Mean of Linear Combination
e Variance of a Linear

Combination

e Results if we add a constant
e Multiple Linear Combinations
e Kind of an Example

e Kind of an Example

Estimation

Example

Two Sets

Yyx1 = AgxpXpx1
The Mean vector for y,

py = E(y) = E(AX) = AE(X) = Apg

The Covariance matrix for y,

Yy = cov(y) = cov(AX) = AX A’

These are 2 very important results!

Ky = Apg

Sy = ASg A’

Linear Combinations of Variables
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Kind of an Example

e Outline

Motivation

Population

e Mean of Linear Combination
e Variance of a Linear

Combination

e Results if we add a constant
e Multiple Linear Combinations
e Mean and Covariance for g

e Kind of an Example

e Kind of an Example

Let X be a random vector

X1 (1 o11
X = X9 with Moy = o and X = 0921
X3 U3 031

Suppose we’'re interested in

= The average: Y7 = (1/3)(X1 + X3 + X3)
= Contrast: Yo = (X7 — Xo)

012 013
022 023
032 033

Estimation 1/3 1/3 1/3 Xl
Example l.,l/y — ILLyl — E X2
Two Sets ’LLy2 1 o 1 O X3
1/3 1/3 1/3 L(p1 + p2 + ps)
== ,LL2 =
1 —1 0 pH1 — 2
3
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Kind of an Example

e Outline

Motivation

Population

e Mean of Linear Combination
e Variance of a Linear

Combination

e Results if we add a constant
e Multiple Linear Combinations
e Mean and Covariance for g

e Kind of an Example

e Kind of an Example

Estimation

Example

Two Sets

...and the covariance matrix of Y,

011
, /3 1/3 1/3
Ey = AE;BA = 021
1 —1 0
031
%(011+021+031) %(012+022+032)

(011 — 021) (012 — 022)

(011 + 022 + 033 + 2(012 + 013 + 023))

Ol

%(011 — 022 + 013 — 023)

Wl

012 013 1/3 1
022 023 1/3 -1
032 033 1/3 0
1/3 1)
(013 4+ 023 + 033)
( ) 1/3 -1
013 — 023
1/3 0 )

%(011 — 022 + 013 — 023)

(011 + 022 — 2012)
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Estimation of

e Outline

Motivation

Population

Estimation

e Estimation of 14,

e Estimation of var ()
e Estimation of ¢ and var(y )
e Sample Covariance

Example

Two Sets

15t just one linear transformation (combination, composite, etc)

Leta’ = (a1,as,---,a,) and ¢’ = (21, z2,- -+, x,) and

p

/
Yy=—ax — E a;x;

1=1

If we have n cases, the sample observation of the linear
transformation for the j* case (individual) is y;,

a’:l:z-zalxj1+a2:cj2—1—---+p:cjp fijZl,...,n

Sample Meanofy: § = —(yi+y2+...+yn)

(@'x1 +a'z2+---+a'z,)

n
1
= a—g T
n 4 !
g=1

] —
— ax

S| 3

Linear Combinations of Variables
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Estimation of var (y)

e Outline

Motivation

Population

Estimation

e Estimation of 14,

e Estimation of var ( Yy )

e Estimation of ¢ and var(y )
e Sample Covariance

Example

Two Sets

Sample variance of y:

var(y)

n

1 _
m— > (y— 1)
j=1
1 - / ! =\ 2
n_lz(awj—aw)
j=1
1 mn
; Z(a’wj —a'z) (a'z; —a'z)
n - . \ ~~ 7
=1 note: a/'(x,—&)=(x,—-T)'a
mn

1

Za’(a:j —z)(x; —x)'a

n—14
71=1
N EREES _ .,
a n_lz(wj—w)(wj—w) a
71=1
a'Sa
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Estimation of 3 and var (y)

e Outline

Motivation

Population

Estimation

e Estimation of 14,

e Estimation of var ()

e Estimation of ¢ and var(y )

e Sample Covariance

Example

Two Sets

a'x is the sample analog to a’p

a’Sa is the sample analog to a’'Xa

Let's add a 2"¢ linear combination of the vector X:
p
Z=b X1 +boXo+ - +bX, =X =) bX;
1=1
The jt* sample observation on variable Z is
Rj = b,ZEj = blijl + bQCEjQ “+ e+ bpiij
Applying above results gives us
Sample mean: z = b’z

Sample variance: s> = b'Sb
What's the covariance between y and z?

Linear Combinations of Variables
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Sample Covariance

Between y and z

e Outline 1 - _ —

Motivation COV(y, Z) — n — 1 Z(yj o y)(zj N Z)

Population J= 1

Estimation 1 - / /] — / /] —

o Estimation of (4 — Z(a wj — a w)(b ZBJ - b ZIZ)
e Estimation of var( ) n — ]- j=1

e Estimation of ¢y and val’(y)

e Sample Covariance

Example 1 - — —
Two Sets — n — 1 a/ Z(wj o w)(wj o w)/ b
71=1
= d S (- @) e —3) | b
n—1 pt J J
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Example with Numbers

e Outline

Motivation

Population

Estimation

Example

e Example with Numbers
e Observations on “new”
variables

e Mean and Covariance for &'s
e Sample Variances &

Covariance for x’s

e Sample Covariance Matrices
e Note regarding var (y )’s and

cov(yYi, Y2)

Two Sets

Suppose we have n = 3 and p = 3, and the data matrix is

X —

—_ =
=~ W N
W W

And we want to find the two linear combinations
b/a: = blilfl —+ bQZUQ + b35133

where b' = (1,1,1) and = is a row of X written as a column
vector, and
c'x = cix1 + cowo + c33

where c = (—2,1,1).

Linear Combinations of Variables
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Observations on “new” variables

e Outline

Motivation

Population

Estimation

Example
e Example with Numbers

e Observations on “new”
variables

e Mean and Covariance for &'s
e Sample Variances &

Covariance for x'’s
e Sample Covariance Matrices

e Note regarding var (y )’s and
cov(yj, ¥2)

Two Sets

Observations on these two “new” variables equal

bX' = (1,1,1) = (7,7,8)

~ N =
w W =
W =~

/X' '=(-2,1,1) = (4,4,5)

= DN =
W W =
W =~ =

In terms of single matrix formula,

AX'

|

|
~ NN =
V) o —
W B~ =

Linear Combinations of Variables
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Mean and Covariance for z's

e Outline

Motivation

Population

Estimation

Example

e Example with Numbers
e Observations on “new”
variables

e Mean and Covariance for x’s

e Sample Variances &
Covariance for x’s

e Sample Covariance Matrices
e Note regarding var(y )’s and

cov(y;i, Y2)

Two Sets

The means on the original variables are
r1 =1, 9 =3, and T3 = 3.333

Sample means of new variables computed using the scalar
formula with the observations on the new variables (on the left)
and matrix formula using the observations on the old variables
(on the right):

( (7+7+8>><7.33>Aw< 11 1> ?1)
(4+4+5) 4.33 -2 1 1 3 33

Wl W+

<

7.33
4.33

Linear Combinations of Variables
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Sample Variances & Covariance for «’s

e Outline

Motivation

Population

Estimation

Example

e Example with Numbers
e Observations on “new”
variables

e Mean and Covariance for &’s
e Sample Variances &

Covariance for x'’s
e Sample Covariance Matrices
e Note regarding var (y )’s and

cov(y;i, Y2)

Two Sets

Sample variances of the old variables:

s117. = 0

1 .
s2 = S [(2-3)°+3B-3°+(@-3)7 =1

L 1
ss3 = 5 [(4-3.33)"+(3-333)" +(3-3.33)°] = .

Sample covariances between the old variables:

A %:0(2—3)+0(3—3)+0(4—3)] ~ 0
T % 0(4 — 3.33) + 0(3 — 3.33) + 0(3 — 3.33)] = 0
U % (22 3)(4—3.33) + (3— 3)(3 — 3.33) + (4 — 3)(3 — 3.33)
1 1
= S(—67+0-.33) = —

Linear Combinations of Variables
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Sample Covariance Matrices

e Outline

Motivation

Population

Estimation

Example

e Example with Numbers
e Observations on “new”
variables

e Mean and Covariance for &'s
e Sample Variances &

Covariance for x’s

e Sample Covariance Matrices

e Note regarding var (y )’s and
cov(yj, ¥2)

Two Sets

The sample variance-covariance matrix of the «’s variables is

For the new variables (the y’s):

ASA

1

S

-2 1

-

Wl W

N N

Wl Wl

CDIHCDIH

o o O

gt
[

N[= = O

|
WL NIF O

Linear Combinations of Variables
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Note regarding var (y)'s and cov (y;, y2)

The results on the previous slide are the same if we had used
scalar formulas with the values of the y;; and y;»:

e Outline

Motivation

su = gw—73$”+ﬁ—73$”+@—73$ﬂ:

Population

- 1
Estimation S99 — 5[(4 L 433)2 + (4 L 433)2 —I_ (5 _ 433)2] —

Example
e Example with Numbers

| 1

Observations on “new”

\:ariables 812 — _[(7 T 733)(4 T 433) +
e Mean and Covariance for &'s 2

e Sample Variances &

W — Wl

/N

7 —7.33)(4 — 4.33)

fi’:;i?:i?\:a?;(:e Matrices —|_ (8 - 7 33) (5 - 4 . 33) —

e Note regarding var (y )’s and
cov(yg, Y2)

|

Two Sets

It was just by coincidence that all the values are 1/3
... bad choice of “data” on my part.
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Two Sets of Linear Combinations

e Outline

Motivation

Population

Estimation

Example

Two Sets
e Two Sets of Linear

Combinations
e More Linear Algebra:

Partitioned Matrices
e Partitioned mean and

covariance matrices
e Operations on Partitioned

Vectors & Matrices

If we have one set of ¢ linear combinations and another set of r
linear combinations of random variables X, then

Yq><1 :AqXpoxl erl :BTXpXle
E(Y)=Apg E(Z) = Bug

Sy = ASg A’ 32 = BSgB’
Syz = AXg B’

This is just an application of what we already did. ..

Linear Combinations of Variables
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More Linear Algebra: Partitioned Matrices

e Outline

Motivation

Population

Estimation

Example

Two Sets

e Two Sets of Linear

Combinations
e More Linear Algebra:

Partitioned Matrices
e Partitioned mean and

covariance matrices
e Operations on Partitioned

Vectors & Matrices

Let matrix A, be Partitioned into two parts as follows

( aii ai2 Tt A1p \
Qg1 Qg2 te Qqp Al,(qxp) Agxp
A — p— p— —
Ag+1,1 Qg+1,2 - Qg+1,p A2,(r><p) B xp
K Ag+r,1  Qg+r,2 Ag+r,p )

Y, . Y1 (gx1) . Y (gx1)

Yq+1 Y2,(r><1) Z(rxl)

Linear Combinations of Variables
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™

Partitioned mean and covariance matrices
/ \

e Outline

Motivation

Population

Estimation

Example

Two Sets

e Two Sets of Linear

Combinations
e More Linear Algebra:

Partitioned Matrices
e Partitioned mean and

covariance matrices
e Operations on Partitioned

Vectors & Matrices

Hig+ryx1 =

2i(q+r),(g+r) =

(

(

\

1

Hq

Hqg+1,1

\ e

011

Og+1,1

Oqg+r,1

/
where X, = X7,,.

\

012

Oqg+1,2

Oq+r,2

H1(gx1)

Mo (rx1)

Ky (gx1)

01,9+ \

Oq,q+r
Oq+1,q+r
Og+r,q+r )

Kz (rx1)

2iyy.(axq) ‘ 2iyz,(gxr)

23zy,(rXq) ‘ Ezz,(rXr)

Linear Combinations of Variables
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Operations on Partitioned Vectors & Matrices

e Outline

Motivation

Population

Estimation

Example

Two Sets

e Two Sets of Linear
Combinations

e More Linear Algebra:
Partitioned Matrices

e Partitioned mean and
covariance matrices
e Operations on Partitioned

Vectors & Matrices

Same; that is, treat each sub-matrix (vector) as an element of a

matrix (vector).

For example
Aq><p (AX>q><1 Yq><1
prl — —

B')“)(p (BX)rxl erl

Aaxp Bpx1) = (Ap)qx1 _ [ _Py.axy)
p X

Br)(p (BH/)rxl “Z,(rxl)
Agxp AY A | AXB’
EPXP ( p><q ‘ Bpxq ) — / /
By BX>A | BYXB

which gives us the results for linear combinations for 2 sets of
variables.
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