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Introduction/Overview

e Outline

Introduction/Overview

e Introduction/Overview

o WAIS: Two Groups with
p = 2 Variables

Two Populations

Criterion

Uses of Y
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Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

Two Goals, which often overlap (i.e., distinctions between them
can become blurred):

1. Discrimination or Separation
= Describe (graphically and/or algebraically) differences,
distinguishing features of observations from several
known populations/groups.

s “Discriminants” have numerical values as different as
possible for different groups.

= Tends to be exploratory usage, 1 time (e.g., after a
significant MANOVA).

2. Classification or Allocation
= Derive a rule that can be used to optimally assign new
objects to labeled classes or groups.

= Prediction

Discriminant Analysis
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WAIS: Two Groups with p = 2 Variables

Questions:
= How do we “divide” the two groups?

. = How do we allocate or classify new observations?
e Outliine 20

Introduction/Overview
181 .

16
Two Populations

Criterion 14 B
12
10F

e Introduction/Overview
e WAIS: Two Groups with

p = 2 Variables

Uses of Y

Example: Description
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WAIS: Prediction &
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DA for more than Two Groups

Example: Distributed vs
Massed Practice
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Two Populations

e Outline

Introduction/Overview
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e Two Populations
e Graphical lllustration: Good

or Bad
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e Assumptions
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Logistic Regression
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DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

R.A. Fisher pioneered discriminant analysis for discrimination

purposes, and this is the method & purpose that we’ll focus on.

Two Populations: 7; and o, p variables, and
X' = (X, Xo,. c Xp).

Basic Idea: Transform X into a single variable Y in such a
way that Y allows us to separate m; and 7w, as much as
possible.

Y is a linear combination of the p X'’s,
YZCL’X :ale—l—ang—l—o-o—l—apo
We want
= Y to go through the origin.

= All (X1, X5) points are projected (“mapped”) onto Y axis.

= Y that allows for the “maximum differentiation or
separation between the two groups.

Discriminant Analysis

Slide 5 of 58



Graphical lllustration: Good or Bad
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Graphical lllustration: Any better?
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Graphical lllustration: Best

e Outline
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Assumptions

e Outline

Introduction/Overview

Two Populations

e Two Populations
e Graphical lllustration: Good

or Bad
e Graphical lllustration: Any

better?
e Graphical lllustration: Best

Criterion

Uses of Y

Example: Description
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DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

1. Hypothesis: Two populations exist and

©1, = mean Y in 1% population = E(Y | )
1o, = mean Y in 2¢ population = E(Y |5)

where Y Is a linear combination of the X's,

Y =a;X whereaisa(px 1) vector

2. uy = E(X|m) = mean of X in 1% population.
1y, = E(X|my) = mean of X in 274 population.

Implication: Random vector X had either mean p; or us,
depending on which population it comes from.

3. Equal covariance matrices: cov(X|m;) = cov(X|m) = X

Equal covariance matrices is an important assumption (&
one easily violated).

Discriminant Analysis
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Criterion to be Maximized

e Outline

Introduction/Overview
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Criterion

e Criterion to be Maximized
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Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

SinceY =ad' X,

py = E(d'X|m)=a'p,
poy = B(@X|m) = 'ty
var(Y) = o, =a'Sa

Criterion: The “best” linear combination is the maximal

discriminator and is based on the ratio

(Squared distance between pq,, and ps,)

(Variance of Y)
= (H1y — M2y)2/0;3
(a'py —a'py)?

a’'Ya
(a'8)?
= 3 where § = (p; — po)
a’'(py — po)(py — ) a

a’Y.a’

Discriminant Analysis
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Fisher’'s Problem

e Outline

Introduction/Overview

Two Populations

Criterion
e Criterion to be Maximized

e Fisher’s Problem

e Solution to Maximization
Problem

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

Fisher sought the a that maximizes the ratio

max (a’5)2
a a'Xa

This a maximizes the standardized square distance.

The ratio
a'(py — po)(py — po)'a
a'Xa
IS Important in multivariate analysis.
This ratio is related to the F'-statistic for testing

Ho:py =pg =" =H,
Specifically,

a'Ya n —

/ /
- - - — 2
a’(py — po)(py — py)'a (Fstatistic) (n

)

For now, we’ll just consider g = 2.

Discriminant Analysis
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Solution to Maximization Problem

e Outline

Introduction/Overview

Two Populations

Criterion

e Criterion to be Maximized

e Fisher’s Problem
e Solution to Maximization

Problem

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

The ratio (a’d)?/a’Xa is maximized by the choice of

a=cE710 =B (g — o)

where c is an arbitrary constant such that ¢ # 0

For convenience and simplicity, we usually choose ¢ =1, so

a=X"1§
and the linear combination, our linear discriminant function, Is
Y =a'X (Z10)' X
= §/¥7'X

— (.U1 — H2)E_1X

With this choice for a, the maximum of the ratio equals

(a/5)2 B (5/2—15)2 el o
a'Ya (5/2_1)2(2—15)_52 0= (H1 — po) 37 (11 — M)

A squared statistical distance.

Discriminant Analysis
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Using Y for Classification

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y
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e Graphically What's going on
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e Maximum of Ratio is...

e Mahalanobis D2

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

(for discrimination, a bit later). .. A very simplistic method for
using Y for classification or allocation of a new observation x,,
to one or the other group.

1. Calculate
Yo = (11 — po) 71,

2. Find the mid-point between p,, and u,,, which equals

. : 1
mid-point = m = §(u1y + Ha,)
1
= §(a’u1 +a'p,)
1 _
— 5(#1 — H2)E 1(#1 + H2)

3. Allocation Rule:

Allocate y, to 7y if y, = (; — o)X 1, > m
Allocate y, to 7 if y, = (p; — o)X 1z, <m

Or whether y, —m = (p; — po) X" tx, —mis > or < 0.

Discriminant Analysis

Slide 13 of 58



Graphically What's going on

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

e Using Y for Classification

e Graphically What's going on

e Estimation

e Estimation continued

e Using Y for Discrimination
e Maximum of Ratio is. ..

e Mahalanobis D2

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

20
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16

14r
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S N B~ O
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Hq
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o

mid-pointon Y

I
2 4 6 8 1

01
X1

|
14 1
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|
0
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Estimation

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

e Using Y for Classification
e Graphically What's going on

e Estimation continued
e Using Y for Discrimination
e Maximum of Ratio is...

e Mahalanobis D2

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

K1, 1o and 3 are generally unknown and must be estimated
from data.

Data and Estimates
Population 1: Xy (,, xp)
111 — -jil — i%' :Zil')(lj

= S =20 (X - X)Xy — X))

Population 2: X5 (1, xp)
IA{2 = Xa= 7%2
E — SQ — .

n2—1

n2
j=1 X2J

>t (Xgj — X21) (X — Xo)f

ﬁ] — SpOO — (n1_1)51+(n2—1)52

o n1—|—n2—2
Estimate of Fisher’s linear discriminant function is

V=aX=(X;-X,)'8} X

pool

Discriminant Analysis
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Estimation continued

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

e Using Y for Classification
e Graphically What's going on
e Estimation

e Using Y for Discrimination
e Maximum of Ratio is...

e Mahalanobis D2

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

The mid-point between the two sample means Y; and Y5 is

Simplistic Allocation rule is

Allocate x, to 71 if yo, = (X1 — X3)'S,, ., @0 > m;
otherwise, allocate x, to .

Discriminant Analysis
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Using Y for Discrimination

Study the elements of

a' = (jl - jQ),Sgolol

e Outline
I to see which variable(s) are the best “discriminators”.
I Note that
p Y =air1 + asx2 + -+ apTy
Criterion
S o G If variables are on vastly different scales, they could first be

- canncalywhatsgongon | - gtandardized and then compute the discriminant function; that

e Estimation

° simancoinud . |S, |e‘t
_ sing ‘or Discrimination A A %k Ak A %k
e Maximum of Ratio is. .. y — CL121 —l_ a’2z2 + U —l_ apzp
e Mahalanobis D2 ( _ ) ( _ ) ( _ )
. L L1 — X e \ L2 — X9 e Ly — T
Example: Description e a/’{ _|_ a/; _|_ ... _|_ a/;; p b :
Logistic Regression V 811 V 822 Spp
WAIS: Prediction & . . . A . .
Classifcation which implies that a; = a;/\/s;;, Or in matrix terms,
DA for more than Two Groups 1 /2
* —
Example: Distributed vs a — D a
Massed Practice
545 and Computaons where D~'/% = diag(1/,/s;;) and s;; are elements of S,,0;.
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Maximum of Ratio Is. ..

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

e Using Y for Classification
e Graphically What's going on
e Estimation

e Estimation continued
e Using Y for Discrimination

e Maximum of Ratio is. ..

e Mahalanobis D2

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

Fisher's a maximizes the ratio

(}71 — }72)2 (G,Xl — G,X2)2

/
s% a'Spool@

Define d = (z; — Z2), and the maximum of the ratio is obtained

when
a = (jl - j2) Spool
So we have
[ (a’d)2 ] (d Spoold>
IMax r —
a a SpOOla’ (dSpool)Sp00l (SPOOld)

= d'S_ .d

pool

(i‘l o CEQ)/Spool(:El o CE2>

— D? = “Mahalanobis D?”

Discriminant Analysis
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Mahalanobis D?

» D? js a generalized sample squared distance between
means.

= D? is the maximum relative separation obtained by
considering linear combinations.

e Outline

Introduction/Overview

= In some situations D? is can be used to test H, : p; = .

Two Populations

In particular, if we assume

Criterion

Uses of Y

e Using Y for Classification X]_] ~ Np (l’l’l 9 E) and X2] i Np (“27 2)

e Graphically What's going on

- cotmaton continued for j = 1,...,n;. Then the test statistic for H, : u, = p, versus

e Using Y for Discrimination
e Maximum of Ratio is.. .

Ho:py 7 po 18

Example: Description

(n1+n2—p—1) T2

Logistic Regression (n 1 +7’L2 — 2)p
WAIS: Prediction & T —|— Nno — — 1 1M
Classification = ( = 2 b ) ( S ) (il — i2>/51:010l (il — :EQ)
DA for more than Two Groups (nl —|_ n2 o 2)p n]‘ —|_ n2
Example: Distributed vs mn n - - 1 nin
Masstfd Practice p— ( 1 —|_ 2 p ) 1 2 D 2
(n1+ne—2)p \ni+ne

SAS and Computations
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WAIS Example: Description

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

e WAIS Example: Description

e WAIS continued
e WAIS continued

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

This example is from Morrison (2005).

Fourty nine elderly men participating in an interdisciplinary
study of human aging were classified into the diagnostic
categories “senile factor present” and “no senile factor” on the
basis of an intensive psychiatric examination. The Wechsler
Adult Intelligence Scale (WAIS) was administered to all
subjects by an independent investigator.

Below are mean scores by group on some of the WAIS
subtests.

Not Senile (n =37) Senile (n = 12)
Sub-Test T std dev r std dev
Information 12.566 3.387 8.750  3.251
Similarities 9.486 3.380 5.333  4.271
Arithmetic 11.514 3.363 8.500  3.631
Picture 7.973 1.922 4.750  3.571

Note: My results differ slightly from Morrison’s. There is either
a typo in the text or in the data set. (no way to find out which).

Discriminant Analysis
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WAIS continued

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description
e WAIS Example: Description

o WAIS continued

e WAIS continued

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

Ssen:

( 11.47
8.55
6.39

8.99
11.42
5.49

\ 207 029

6.39
5.49
11.31
1.82

2.07 \
0.29
1.82

3.69 )

Snon:

[ 10.57 10.45
10.45 18.24
9.68 12.09

\ 7.66 8.1

Test H, : Xhon = Been: X2 =17.99, df = 10, p = .06.

Spool —

[ 11.26
9.00
7.16

\ 3.38

9.00
13.02
7.01
2.38

7.163.38 )

7.042.31
11.752.64

2.645.81 |

9.68
12.09
13.18

5.32

TestH, : ., =p,,.. T2 =2241, F = 88.93, p < .01 (note:
Fi124(.95) = 11.04).

7.66 )

8.91

5.32
12.75

Discriminant Analysis
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WAIS continued

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description
e WAIS Example: Description
e WAIS continued

o WAIS continued

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

Since there are differences between the groups, we need to
Investigate how they differ. . .

Linear Discriminant Analysis:

(Zron — sen) = (  3.82, 4.15, 3.01, 3.23)
a' = (Tnon — Tsen)'Sppy = (002 , 022 , 0.0L , 0.45)
—~— ~—~ ~— =~

information similarities artihmetic picture

For interpretation, things to look at

= Do all items have about the same weight?

= Do some have relatively larger weights (i.e., does one or a
sub-set dominate)?

m |s there a substantive grouping of variables?

Discriminant Analysis
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Logistic Regression as An Alternative

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

e Logistic Regression as An
Alternative

e Logistic Regression for WAIS
e Logistic Regression: Odds
Form

e Parameter Estimates

e Estimated Odds Ratios

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

For Description of Differences.

Logistic regression is appropriate for a dichotomous response
variable and nominal, ordinal and/or numerical predictor or
explanatory variables.

However,
IF Xz'j NNp(/JJZ,E) 1.l.d. and 7 = 1,2

THEN a logistic regression for dichotomous variables
necessarily fits the data where the group is the “response”

variable and the X'’s are explanatory variables.

Suppose

1 for population 1 (non-senile)

Y =
0 for population 2 (senile)

For the WAIS data, the logistic regression model is. ..

Discriminant Analysis

Slide 23 of 58



Logistic Regression for WAIS

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

e Logistic Regression as An
Alternative

e Logistic Regression for WAIS

e Logistic Regression: Odds
Form

e Parameter Estimates

e Estimated Odds Ratios

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

expla + S1X1 + P2 Xo + B3X3 + BaX4]
(1 4+ expla+ 51X1 + B2 X2 + B3 X3 + £1X4])
1
(1 + expla + B1X1 + B2 X2 + B3X3 + 84X4])

where X; = information, X, = similarities, X3 =arithmetic, and
X4 = picture.

If the regression parameter (i.e., 5;) for an X variable is
significant, then the senile and non-senile groups differ with
respect to that variable.

Note on interpretation: The odds of a person being in the

non-senile group versus the senile group when X = x are
exp(/3) times the odds when X = (x — 1).

Discriminant Analysis
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Logistic Regression: Odds Form

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression
e Logistic Regression as An
Alternative

e Logistic Regression for WAIS

e Logistic Regression: Odds
Form

e Parameter Estimates
e Estimated Odds Ratios

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

In terms of probabilities:

P(Y =1) = expla + B1 X1 + B2 Xo + B3 X3 + BaX4]

(1 + expla+ S1 X1 + BaXo + B3 X3 + B4 X4])
1

(1 + exp[a + 1 X1 4+ B Xo + B3 X3 + 54X4])

The odds of a subject being not senile given the explanatory
variables

P(Y =1)
P(Y =)

= expla + 51X + B2 Xo + B3 X35 + B4 X4]

Interpretation: The odds of not senile (versus senile) when z;
IS 1 unit larger is exp(;) time the odds of not senile.

exp(3) is an odds ratio.

Discriminant Analysis
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Parameter Estimates

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression
e Logistic Regression as An
Alternative

e Logistic Regression for WAIS
e Logistic Regression: Odds
Form

e Parameter Estimates

e Estimated Odds Ratios

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

Anal ysi s of Maxi mum Li kel i hood Esti nmat es

Par anet er

| nt er cept

| nf ormati on
simalrities
arithnmetic
pi cture

DF

A

Esti nat e

-3.6176
0. 0953
0. 1808

- 0. 0102
0. 3682

St andar d
Error Chi-Square Pr > Chi S(q

©O oo o

. 7999
. 2079
. 1768
. 1574
1803

>~ O P O b+

Wal d

. 2447
. 2099
. 0447
. 0042

1695

0. 0394
0. 6468
0. 3067
0. 9482
0. 0412

Discriminant Analysis

Slide 26 of 58



Estimated Odds Ratios

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression
e Logistic Regression as An
Alternative

e Logistic Regression for WAIS
e Logistic Regression: Odds
Form

e Parameter Estimates

e Estimated Odds Ratios

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

SAS and Computations

Modeling odds of not senile versus senile:

Qdds Rati o Esti mat es

Ef f ect

| nformati on

simarlities

arithnmetic
pi cture

Poi nt
Esti mat e

1.100
1.198
0. 990
1.445

95% Wal d

Confidence Limts

0. 732
0. 847
0. 727
1.015

= An odds ratio of 1 means no association.
= An odds ratio > 1 means non-senile is more likely.
= An odds ratio < 1 means senile is more likely.

1. 653
1.694
1. 348
2. 058

Discriminant Analysis
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WAIS: Prediction & Classification

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

o WAIS: Prediction &

Classification
e Classification Rule 1:

Random Assignment
e Classification Rule 2:
Midpoint

e Other Classification Rules
e Classification Rule 3:

Proportions
e Classification Rule 4:
Non-parametric

DA for more than Two Groups

Example: Distributed vs
Massed Practice

We can compute the means on the linear discriminant

functions for each individual, as well as means for each group:

Ynon = @ ZTnon = (0.02,0.22,0.01,0.45)

(0.02,0.22,0.01, 0.45)

— ] —
Ysen — QA Lgen —

Midpoint = (1/2)(6.07 + 3.59) = 4.83.

( 12.57 \
9.49
11.51

= 6.07

\ 7.97 )
( 8.75 \

5.33
8.50

\ 4.75

= 3.59

| SAS and Computations

Discriminant Analysis
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Classification Rule 1: Random Assignment

For demonstration, we’ll allocate the 49 subjects to one of the
two groups using random assignment.

« Outine Specifically, we’ll use the “base rate” = 12/49 = .24, which
Introcucton/Overview equals the proportion of the sample who are in the senile

Tiwo Populatons group. So we'll assign 24% of the subject to the senile group
Gritrion and 76% to the not senile group. This gives the following:
Uses of Y

Example: Description ACtu al D I ag n OS I S

Logistic Regression C|aSS|flcat|0n NOt Senlle Senlle

WAIS: Prediction & not senile 28 9 37

Classification

o WAIS: Prediction &

Classification Se n I | e 9 3 1 2

e Classification Rule 1:

37 12] 49

e Classification Rule 2:

Midpoint

e Other Classification Rules .

» Classicaion e 3 Under random assignment, we would expect to make
e Classification Rule 4: 9 _|_ 9 — 18 errOrS.

Non-parametric

ermore renwocrows |- Note: For random assignment, we make sure that the margins
TPl e e are identical and then compute n; n;/n4 .

Massed Practice

| SAS and Computations
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Classification Rule 2: Midpoint

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

o WAIS: Prediction &

Classification
e Classification Rule 1:

Random Assignment

e Classification Rule 2:
Midpoint

e Other Classification Rules
e Classification Rule 3:
Proportions

e Classification Rule 4:
Non-parametric

DA for more than Two Groups

Example: Distributed vs
Massed Practice

For each individual, we compute

yj = 0.023313' + O.22$2j + 0.0l:ljgj + O.45£U4j

Classification Rule 2: Assign the ;5" individual to senile group
If y; < 4.83 = mid-point between ;e aNd 4,01

Classification | Not Senile

Actual Diagnosis

Senile

not senile 30
senile 7

4
8

34
15

37

12

49

Using a simple rule with discriminant analysis we make

74+ 4 = 11 errors.. .. better than random assignment (i.e., 18

errors). ..

| SAS and Computations

Discriminant Analysis
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Other Classification Rules

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &

Classification
o WAIS: Prediction &

Classification
e Classification Rule 1:

Random Assignment
e Classification Rule 2:

Midpoint

e Classification Rule 3:
Proportions

e Classification Rule 4:
Non-parametric

DA for more than Two Groups

Example: Distributed vs
Massed Practice

Knowing the column margin proportions (24% senile and 76%),
this information can be built into a prediction rule for
classification.

This is artificial here because the margin doesn’t reflect the
population proportion; however, if you have or know this
iInformation about the population, it can be used.

General Rule: We compute the probability of a new
observation, say x, belonging to each of the groups, and then
place or allocate that person to the group with highest
probability.

The Probabillities can be computed in a number of different
ways, but all of them depend on a distance measure.

Without going into the theory, we’ll look at how a couple of
them perform on our data.

| SAS and Computations

Discriminant Analysis
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Classification Rule 3: Proportions

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

o WAIS: Prediction &

Classification
e Classification Rule 1:

Random Assignment

e Classification Rule 2:
Midpoint

e Other Classification Rules
e Classification Rule 3:
Proportions

e Classification Rule 4:
Non-parametric

DA for more than Two Groups

Example: Distributed vs
Massed Practice

Classification Rule 3: Place x,, into the group that leads to the
largest probability where probabilities are computed using

exp (3 D7,)
Zh eXp (%D%LO)

Prob(x, belongs to k) =

where D% equals
Di, = (x, — 1) Sy, (o — 1)+ In(|Sk|)—2 In(proportion,,)

Actual Diagnosis

Classification | Not Senile Senile
not senile 34 51 39
senile 3 7119
37 12 | 49

which leads to 3 + 5 = 8 errors.

| SAS and Computations

Discriminant Analysis
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Classification Rule 4: Non-parametric

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

o WAIS: Prediction &

Classification
e Classification Rule 1:

Random Assignment

e Classification Rule 2:
Midpoint

e Other Classification Rules
e Classification Rule 3:
Proportions

e Classification Rule 4:
Non-parametric

DA for more than Two Groups

Example: Distributed vs
Massed Practice

For this | used a “kernel density”.

Classification Rule 4: Place x,, into the group that leads to the
largest probability where probabilities are computed using

~ my(=x,)(proportion)y
Prob(z, belongs to k) = >, mn(x,)(proportion)y,

where my(xq) is a function of x, that equals the proportion of
those in group £ within a radius of r from x,,.

When | set the radius r to

m 2 — 7 errors.
m ] — 1 errors.
m 0.5 — 0O errors.

Moral: If you're really interested in classification (prediction), you can
do very well by using a more sophisticated rule. However, for describ-
iIng differences between groups, Fisher’s linear discriminant functions
are fine.

| SAS and Computations

Discriminant Analysis
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DA for more than Two Groups

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

e DA for more than Two Groups

e Discriminant Analysis with
g > 2

e Fisher’s Extension

e Linear Combination

e The Criterion

e Maximizing the Criterion

e Result
e Eigenvalues and vectors of

>~ 1B,
e Computing Eigenvalues and

vectors of % 1 B,
e The Next Ones

Uses:

Examine group separation in a (1 or) 2 dimensional plot.
When there are more than 2 groups, this requires (may
require) more than 1 discriminant function.

We can project points from p dimensional space (from each
group) onto a 2-dimensional sub-space such that we obtain
the best possible view of how the groups are separated.

Find a sub-set of the original variables that separates the
groups almost as well as the original set.

Rank variables (study them) with respect to their relative
contribution to group separation. For this, we use
standardized discriminant function coefficients for more valid
comparisons.

Interpret the new dimensions represented by the
discriminant functions.

As a follow-up to fixed effects MANOVA, especially when
there is a significant interaction.

- :Dt;lllut;ull
e Estimation continued

e Fisher's Sample Discriminant

Piscriminant Analysis
unctions

e Little Technical Note on
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Discriminant Analysis with ¢ > 2

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

e DA for more than Two Groups

e Discriminant Analysis with
g > 2

e Fisher’s Extension

e Linear Combination

e The Criterion

e Maximizing the Criterion

e Result
e Eigenvalues and vectors of

>~ 1B,
e Computing Eigenvalues and

vectors of % 1 B,
e The Next Ones

Suppose that we have g = number of groups (> 2).

We’ld like to choose just a few discriminant functions a X,
a> X and a3 X to separate the g populations.

We want the number of these functions to be much smaller
than p and ¢ so that we greatly reduce the dimensionality of the
problem.

When we had g = 2, at most we could have 1 discriminant.

We’'ll extend Fisher's methodology for g > 2 (actually, this is

Fisher's extension—basically), because

= |t provides a convenient representation of the g populations
that allows us to reduce the dimensionality of the original
variable space from p to just a few linear discriminant
functions, which are linear combinations of the X'’s.

= Plots of the group’s mean values on the discriminants can be
much easier to interpret, especially if we only need a few.

= Plots of values of each case on the first two discriminant
functions help to identify outliers or weird cases in the data.

- :Dt;lllut;ull
e Estimation continued

e Fisher's Sample Discriminant

Piscriminant Analysis
unctions

e Little Technical Note on
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Fisher's Extension

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

e DA for more than Two Groups
e Discriminant Analysis with

g > 2

e Fisher’s Extension

e Linear Combination

e The Criterion
e Maximizing the Criterion

e Result
e Eigenvalues and vectors of

>~ 1B,
e Computing Eigenvalues and

vectors of % 1 B,
e The Next Ones

Fisher develop this method for discrimination (description of
differences between populations), but it can also be used to
classify observations (prediction, allocation).

Assumptions:
= \We have g populations (not necessarily normal).

" 1; (px1) = Mean of population i (i.e., ;).
= ¥ = (p x p) covariance matrix of the i** populations
0 They areequal: 3 =3 =--- =3,
0 Full rank: If 3 is not full rank, then reduce the problem

and re-define variables to get full rank (e.g.., use the first
eigenvalues # 0, principal components).

= n; = the number of observations from population <.
= 0= (1/9)>.7_, n;, overall population mean vector.
» B,=>7 ni(p; — p)(p; — r)’ the Between Groups SSCP.

This definition of B, is a bit different from what’s in the text,
which does not weight by n,;. We’ll use n; here because it's
more consistent with what others do (e.g., SAS & MANOVA).

- :Dt;lllat;ull
e Estimation continued

e Fisher's Sample Discriminant

Piscriminant Analysis
unctions

e Little Technical Note on
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Linear Combination

Consider the linear combination

/
Y =aX
e Outline

Introduction/Overview Wlth
piy = E(Y|m;) = E(a'X|n;) = ' E(X|m;) = d'ps,

Criterion

Uses of Y /

= var(Y|m;) =var(a’X|m) =a’ X a
Logistc Regression the equal variance assumption 1

WAIS: Prediction &

Classitcaton So we have a set of g means on Y':

DA for more than Two Groups

e DA for more than Two Groups

e Discriminant Analysis with {/‘Lly ) /‘L2y /AR /'Lgy }
g > 2

e Fisher’s Extension

and a common variance, ay? = a’Ya. The overall mean of the

e The Criterion y .

e Maximizing the Criterion Y S IS
e Result

e Eigenvalues and vectors of

g g g
Z_lBo - ]‘ o ]‘ / . / 1 / . ! —
e Computing Eigenvalues and IU/y - IU/Zy - a”Ll’l"L —a . a’l,l’l"l, —a I’l'
g =1 g 1=1 g =1

vectors of % 1 B,
e The Next Ones

Example: Description

- :Dt;lllat;ull
e Estimation continued

e Fisher's Sample Discriminant

Plljsn%rtllrgrl%ant Analysis Slide 37 of 58
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The Criterion

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

e DA for more than Two Groups
e Discriminant Analysis with

g > 2

e Fisher’s Extension

e Linear Combination
e The Criterion
e Maximizing the Criterion

e Result
e Eigenvalues and vectors of

>~ 1B,
e Computing Eigenvalues and

vectors of % 1 B,
e The Next Ones

Consider the ratio:

Weighted sum of squared

distances from population weights Sguared distance
means to overall mean of Y _ gzl f‘{%\ (hiy — ﬂy)2
(variance of V') oz
_ i— ni(a'p;, —a'p)’
a’'Xa
a3 i — ) (e — ) a
a’'Xa
~ a'B,a
 a'Xa

= This is the multiple group extension of the ratio
(@'(py — 12))?/(a'2a) = (a'6)?/(a'Ea).

= This compares the between group variability relative to the
within group variability.

- :Dt;lllut;ull
e Estimation continued

e Fisher's Sample Discriminant

Piscriminant Analysis
unctions

e Little Technical Note on
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Maximizing the Criterion

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

e DA for more than Two Groups
e Discriminant Analysis with

g > 2

e Fisher’s Extension

e Linear Combination
e The Criterion

e Maximizing the Criterion

e Result
e Eigenvalues and vectors of

>~ 1B,
e Computing Eigenvalues and

vectors of % 1 B,
e The Next Ones

The maximization problem

a' B,a

max = ——

a a'Xa

(It's like finding the a to maximized an F'-statistic).

Since
= B, = H, the hypothesis SSCP for testing

Ho:ppy = pg =+ = Ry,
= 3 «x W = FE, the within groups SSCP

The Ratio to be maximized is proportional to
aB,a dHa
a'Xa a' Fa

X

So our problem is equivalent to finding the a that maximizes

this alternative ratio,
a' Ha
max =
a a' Fa

- :Dt;lllut;ull
e Estimation continued

e Fisher's Sample Discriminant

Piscriminant Analysis
unctions

e Little Technical Note on
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Result

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

e DA for more than Two Groups
e Discriminant Analysis with

g > 2

e Fisher’s Extension

e Linear Combination
e The Criterion
e Maximizing the Criterion

e Eigenvalues and vectors of
>~ 1B,
e Computing Eigenvalues and

vectors of % 1 B,
e The Next Ones

Consider X~ !B, andlet\; > Xy > --- > )\, > 0bethe s (s < min(g—1,p))
non-zero eigenvalues of X' B, and ey, e,, ..., e, are the corresponding
eigenvectors scaled so that e Xe; = 1.

The vector of coefficients a that maximizes (a’B,a)/(a’Xa) is the 1%
eigenvector of X1 B,; that is,

where e Xe; = 1 (scaled).

The linear combination a; X is the first discriminant function.
The maximum of the ratio equals \;; that is,

a,B,a;
A =

(112h11°

Eigenvalues of square non-symmetric matrix?

- :Dt;lllat;ull
e Estimation continued

e Fisher's Sample Discriminant

Piscriminant Analysis
unctions

e Little Technical Note on

Slide 40 of 58



Eigenvalues and vectors of X7'B,

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

e DA for more than Two Groups
e Discriminant Analysis with

g > 2

e Fisher’s Extension

e Linear Combination

e The Criterion

e Maximizing the Criterion

e Result
e Eigenvalues and vectors of

»—1B,
e Computing Eigenvalues and

vectors of 1 B,
e The Next Ones

Why the eigenvalues and eigenvectors give solution:
Starting with our ratio, gives

a’'B,a = M\a'Xa)
a'(B,—\X)a = 0
(B, —A¥)a = 0 because a # 0

(Z7'B,)a = )a

The eigenvalues and eigenvectors of a non-symmetric matrix
can be found by taking the eigenvalues and eigenvectors of

»-1/2B, %12 (or E"Y2HE~'/?) where /2 is the inverse
of the square root matrix.

Recall: ¥~1/2 is the square root matrix that can be found by
1. Find X = UAU'’

2. X712 = Udiag(1/v/\)U’

- :Dt;lllut;ull
e Estimation continued

e Fisher's Sample Discriminant

Piscriminant Analysis
unctions

e Little Technical Note on
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Computing Eigenvalues and vectors of X7'B,

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

e DA for more than Two Groups
e Discriminant Analysis with

g > 2

e Fisher’s Extension

e Linear Combination
e The Criterion
e Maximizing the Criterion

e Result
e Eigenvalues and vectors of

>~ 1B,
e Computing Eigenvalues and

vectors of 23~ 1 B,
e The Next Ones

(2—1/2302—1/2) et — e
2_1/22_1/2302_1/26* )\2_1/26*
> B, X 1/2e* A 2e*
0 ——— ———

e e

a = X~ 1/2e* where e* is eigenvector of X~ 1/2B, ¥~ 1/2,
Note that

var(Y;) = a;Xa; = (e’-"/ 2_1/2) Y (2_1/2 er)

1

\ . 7

I

- :Dt;lllut;ull
e Estimation continued

e Fisher's Sample Discriminant

Piscriminant Analysis
unctions
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The Next Ones

The next eigenvector e, minimizes the ratio

~a'Bsa
« Outine maax - a'Xa
inroduction/Overview subject to the restriction that the covariance between
Tuo Populations Y =a35X andY; = a} X = e} X equals 0.
thy Y, = abX = 2"discriminant function

Example: Description

Logistic Regression

wAs: Preicion Y, = a, X = k'discriminant function

Classification

DA for more than Two Groups

e DA for more than Two Groups
e Discriminant Analysis with

e Fisher’s Extension

= a. X = s'"discriminant function

e Linear Combination

- he Cririon Note that var(Y;) = a/Sa; = eX'ef =1, foralli =1,...,s

e Maximizing the Criterion

« Resul where s < min(g — 1,p). And for i # k,

e Eigenvalues and vectors of
>~ 1B,

e Computing Eigenvalues and COV(YL,Yk) — a;zak — (ej/2—1/2)2(2—1/262) — e>!<

vectors of 1 B, ¢

o The Next Ones

e, =0

- :Dt;lllut;ull
e Estimation continued

e Fisher's Sample Discriminant
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Estimation

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

e DA for more than Two Groups
e Discriminant Analysis with

g > 2

e Fisher’s Extension

e Linear Combination

e The Criterion

e Maximizing the Criterion

e Result
e Eigenvalues and vectors of

>~ 1B,
e Computing Eigenvalues and

vectors of 1 B,
e The Next Ones

Since py, po, - - -, p, @and 3 are generally unknown, we need to

estimate them. Suppose that we have a set of observations
classified from which we can calculate sample statistics (in a
prediction situation, this would be named the “training set”).

X, isthe (n; x p) data matrixfori=1,...,g.
X; = (1/n;) 372, Xij;, which estimates p,.
Si = (1/(n ))Z; 1 (X4

= (1/ 32 ma) Y20 X

WhICh estlmates [t

— Xz)(Xw — Xz)/

= (1/ 32 mi) D001 2755 Xijs

The estimation of B,
matrix

= H, the sample between groups SSCP

9
BO — an()_(z — X)(XZ —X),
=1

e Estimation continued

e Fisher's Sample Discriminant

Plscrlmlnant Analysis
nctions

e Little Technical Note on
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Estimation continued

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

e DA for more than Two Groups
e Discriminant Analysis with

g > 2

e Fisher’s Extension

e Linear Combination
e The Criterion
e Maximizing the Criterion

e Result
e Eigenvalues and vectors of

>~ 1B,
e Computing Eigenvalues and

vectors of 1 B,
e The Next Ones

and estimation of W = H, the within groups SSCP matrix

W = ZE(X@ - X)) (X — X3)f

i=1 j=1
For our estimate of X,

1
Spool — TR
1=1""7

W

If a; maximizes
a’' B, a

a’Spool@

Then it also maximizes

aB,a dHa
a’'Wa a' Fa

[ "
TS UTTTOTOTT

e Estimation continued

e Fisher's Sample Discriminant
Plljscrlmlnant Analysis

nctions
e Little Technical Note on
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Fisher's Sample Discriminant Functions

Let Ay, ---, A\, denote the s < min(g — 1, p) non-zero

eigenvalues (roots) of W~ 'B, and é,, - - -, &, the
corresponding eigenvectors (scaled so that €;S,.0€; = 1),
then the vector of coefficients a that maximizes the ratio

e Outline

Introduction/Overview

Two Populations &/EOCAL _ &, [ Zg:]_ n’l, (X’L T X) (X'L o X>/i|
Criterion &/W& ~/ g Zn’b (X S X )(X o X
a i=1 1] 1 1)

Uses of Y ]:1

a
i)’] a

Example: Description

IS given the

Logistic Regression

WAIS: Preciction & ar =é; =W Y% and a;X isthe 1 discriminant function

Classification

DA for more than Two Groups
e DA for more than Two Groups
e Discriminant Analysis with

g > 2 a, =eé, =W Y2%e and a,X isthe k' discriminant function

e Fisher’s Extension

e Linear Combination
e The Criterion

e Maximizing the Criterion . . . _ - —
o Note that e* is the i*" eigenvector of W~'/2B, W~/ and
e Eigenvalues and vectors of

>~ 1B, éz — ["/ _1/26:.

e Computing Eigenvalues and

vectors of 1 B,
e The Next Ones

[ "
TS UTTTOTOTT

e Estimation continued
e Fisher's Sample Discriminant

Slide 46 of 58
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Little Technical Note on Re-scaling

\ outine Some programs use different scalings and even different
NP procedures within the same program may use different
Two Populations Scal I n gS

Criterion

Suppose that your computed a such that I*WI* =1 but you
want 'S, .ol = 1.

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

1. Compute ¢ = \/l*’Spooll*
2. 1= (1/c)l".

DA for more than Two Groups

e DA for more than Two Groups
e Discriminant Analysis with

g > 2

e Fisher’s Extension

e Linear Combination
e The Criterion
e Maximizing the Criterion

e Result
e Eigenvalues and vectors of

>~ 1B,
e Computing Eigenvalues and

vectors of 1 B,
e The Next Ones

- :Dt;lllut;ull
e Estimation continued

e Fisher's Sample Discriminant
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Using the Discriminant for Allocation

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

e DA for more than Two Groups
e Discriminant Analysis with

g > 2

e Fisher’s Extension

e Linear Combination

e The Criterion

e Maximizing the Criterion

e Result
e Eigenvalues and vectors of

>~ 1B,
e Computing Eigenvalues and

vectors of 1 B,
e The Next Ones

Let Y = a) X = the k! discriminant function and
Y' = (Yy,...,Y,)
has mean vector for population ¢
Wiy = (aip, - agp)
where u is the mean of the X'’s.
For all populations, the covariance matrix for the Y’s is
cov(Y) = 1.

The squared distance from y,, to w,, IS

S

(yo o /*l’z'y),(yo o H’zy) — Z(yol — :uzyl>
=1

2

The (simple) Rule: Assign y, to population & if the squared
distance from y, to p,, is the smallest squared distance
between y,, to all other p;,'s (¢ # k).

- :Dt;lllut;ull
e Estimation continued

e Fisher's Sample Discriminant

Piscriminant Analysis
unctions

e Little Technical Note on
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Number of Discriminant Functions

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

e DA for more than Two Groups
e Discriminant Analysis with

g > 2

e Fisher’s Extension

e Linear Combination

e The Criterion

e Maximizing the Criterion

e Result
e Eigenvalues and vectors of

>~ 1B,
e Computing Eigenvalues and

vectors of 1 B,
e The Next Ones

There are limits on how many discriminant functions that you

can compute. Some examples:

Maximum number of
discriminant functions

Number of Number of
variables (p) populations (g)

s < min(g —1,p)

any p g =2 1
any p g=3 2
2

p=2 any g

You use only say r of the discriminant functions (for

description) where r < s. The proportion of between group

differences represented by the r functions equals

Zle Ai
22:1 Ak

- :Dt;lllut;ull
e Estimation continued

e Fisher's Sample Discriminant

Piscriminant Analysis
unctions

e Little Technical Note on
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Example: Distributed vs Massed Practice

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs

Massed Practice
e Example: Distributed vs

Massed Practice
e Recall
e Discriminant Functions for

PROC GLM
e Data, Cell Means, and

Discriminant Function

e Data and Cell Means

e Values of Groups on Y’

e Pairwise Distances Between
Groups

___e Significant Pairwise

1-Way MANOVA: Data from Tatsuoka (1988), Multivariate
Analysis: Techniques for Educational and Psychological Research, pPp

273-279.

An experiment was conducted for comparing 2 methods (A &
B) of teaching shorthand to 60 female seniors in a vocational
high school (a dated example). Also of interest were the effects
of distributed versus massed practice

C1: 2 hours of instruction/day for 6 weeks
Cs5: 3 hours of instruction/day for 4 weeks
Cs3: 4 hours of instruction/day for 3 weeks

So each subject received a total of 12 hours of instruction.
Note: n; = 10 per cell of the design

Two variables (dependent measures):
X1 = speed
Xo = accuracy

Distances Between Groups

BisSranih @urimatytiins
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Recall

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of Y

Example: Description

Logistic Regression

WAIS: Prediction &
Classification

DA for more than Two Groups

Example: Distributed vs
Massed Practice

e Example: Distributed vs
Massed Practice

e Recall

e Discriminant Functions for

PROC GLM
e Data, Cell Means, and

Discriminant Function

e Data and Cell Means

e Values of Groups on Y’

e Pairwise Distances Between
Groups

___e Significant Pairwise

analysis to describe the differences.

| did things a bit different and created a single variable “grp” as
follows:

If conditin="C1’ and method="A’ then grp="Al’,

else if conditin="C1’ and method="B’ then grp="'B1’;
else if conditin="C2’ and method="A’ then grp="A2’;
else if conditin="C2’ and method="B’ then grp="B2’;
else if conditin="C3’ and method="A’ then grp="A3’;
else if conditin="C3’ and method="B’ then grp='B3’;

and testing a1 = g1 =+ = WUps

A* = 0.110,

F = 21.26,

vy = 10,

Vo = 106,

We had a significant interaction, so we’ll use discriminant

p < .0001
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Discriminant Functions for PROC GLM
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Characteristic Roots and Vectors of: E Inverse * H, where
H = Type Ill SSCP Matrix for grp
E = Error SSCP Matrix

Characteristic Characteristic Vector V'EV=1
Root Percent speed accuracy
6.96079625 98.10 —0.00150305 0.07520907
0.13501094 1.90 —0.03022961 0.03091280

SO
Y7 = —0.00150305(speed) 4+ 0.07520907 (accuracy)

and this accounts for 98% of between group differences.
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Data, Cell Means, and Discriminant Function
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< Discriminant Function
Y = —.011(speed) + .553(accuracy)
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Data and Cell Means

35 TSt Principal Component (39% Of va_r_l.a-n'ée)

Y = .8488(speed) + .5444(@00@7?61'@)
30 |

e Outline Bl
Bl

Introduction/Overview B1B1
Two Populations > 25 - Bl B’ Bl Al

QO 7 Bl Bl Bl
Criterion E 21 A2 )

= Al X2 B2
Uses of Y 8 20 Al Al B2

< A2 Al B2A27 B2 B2
Example: Description AZ%Z" | N=)

~ B2 B2 A2

Logistic Regression A3 A3A2

N 15 F A2 A3
WAIS: Prediction & A3 ABA2A3 B3 A3
Classification A3 A3B3

A3B3" B3 _ B3

DA for more than Two Groups - B3 %383
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e Example: Distributed vs
Massed Practice . .. .

o Recal 5 L + Discriminant Function
e Discriminant Functions for

PROC GLM Y = —.011(speed) + .553(accuracy)
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e Data and Cell Means | | |

10_ B3 B3

| | |
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Values of Groupson Y

(From PROC CANDISC, re-orderd from largest to smallest):

* Outine Cl ass Means on Canoni cal Vari abl es
Introduction/Overview

Two Populations g r p Ca n 1

Criterion

Uses of Y B 1
Example: Description Al

. 960704421
. 954436320

Logistic Regression BZ . 1 1 7 3 6 6 2 1 5

WAIS: Prediction & A2 _ . 1 8 1 1 O 1 2 9 7

N OOk W

Classification A3 - . 2 4 9 2 2 2 1 2 2

DA for more than Two Groups

B3 - 3. 602183536

Example: Distributed vs
Massed Practice

___e Significant Pairwise

e Example: Distributed vs
Massed Practice

* Recal In PROC CANDSIC, “Canonical Variables” are linear

e Discriminant Functions for

PROC GLM discriminant functions.

e Data, Cell Means, and
Discriminant Function

e Data and Cell Means

e Values of Groups on Y’

e Pairwise Distances Between
Groups
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Pairwise Distances Between Groups

___e Significant Pairwise

The DI SCRI M Procedur e

Pai rw se Generalized Squared Di stances Between G oups

e Outline

Introduction/Overview 2

L -1 _
P = (X X)) o (X - X)
] S

Uses of Y

Example: Description Generalized Squared Distances

o AL A2 A3 BL B2 B3
Al 0 479 1816 5.07 4.40 31.35
A2  4.79 0 432 1744 0.37 11.74
st pracice A3 1816  4.32 0 3866 5.69 1.83

e Example: Distributed vs
Massed Practice

o Recal Bl 5.07 17.44 38.66 0 14.77 57.30

e Discriminant Functions for

PROC GLW B2 440 037 5.69 14.77 0 13.93

e Data, Cell Means, and

- ot ot e B3 31.35 11.74 1.83 57.30 13.93 0

e Values of Groups on Y’
e Pairwise Distances Between

Groups (PROC CANDISCM also gives these, and more...)
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Significant Pairwise Distances Between Groups

From PROC CANDISCRM, which computes F’ statistics for
each pairwise distance and the corresponding p values, which
are given below.

e Outline

Introduction/Overview

Two Populations

Criterion

Uses of ¥ Prob > Mahalanobis Distance for Squared Distance
Exa.m[.:)Ie: Descri.ption g r p Al A2 A3 B1 B2 B3
S Al 1.00 <.01 <.01 <.01 .01 <.01
Classification A2 < .01 1.00 .01 < .01 41 < .01
A3 < .01 0l 1.00 <.01 <.01 .02
BL <.01 <.01 <.01 100 <.01 <.01

Massed Practice

« Recal B2 .01 41 < .01 < .01 1.00 < .01

e Discriminant Functions for

TITDOa?a,G(IZ_(LVIIIMeans,and 83 < 01 < 01 02 < 01 < 01 100

Discriminant Function

e Data and Cell Means

e Values of Groups on Y’

e Pairwise Distances Between
Groups

e Significant Pairwise
Distances Between Groups

BisSrimih@urnatytens Slide 57 of 58




SAS and Computations

Following is SAS input

e Outline

Introduction/Overview

Two Populations n PROC GLM
= PROC IML:
s = PROC CANDISC
= PROC DISCRIM

Logistic Regression

WAIS: Prediction & We’ll look at output in lecture.

Classification

DA for more than Two Groups

Example: Distributed vs The program and the input are on the web-site.

Massed Practice

SAS and Computations

e SAS and Computations
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* Fisher’s Linear D scrim ant anal ysis using
(a) proc glm
(b) proc in
(c) proc candi sc
(d) proc discrim

options nocenter;
data short;
| nput speed accuracy nethod $ conditin $;
| f conditin="Cl’” and net hod=" A
t hen grp= Al’;
else if conditin=Cl’ and net hod=" B
t hen grp="Bl’;
else if conditin= C2" and net hod=" A
t hen grp= A2’ ;
else if conditin= C2" and net hod=" B
then grp=" B2’ ;
else if conditin= C3" and net hod=" A
t hen grp= A3’ ;
else if conditin= C3 and net hod="PB
t hen grp= B3’ ;
* Design matrix for main effect;
bO=1; A=0; B=0; c¢1=0; c2=0; c3=0;
| f conditin="Cl t hen cl=1;
else if conditin="C2" then c2=1;
else if conditin="C3" then c3=1;
| f met hod=" A t hen A=1;
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else if nmethod="PB t hen B=1;
* Design matrix for interaction;
Acl= Axcl; Ac2 = Axc2; Ac3= Axc3;
Bcl= B*cl; Bc?2 Bxc2; Bc3= B*c3;
dat al i nes;

proc gl mdata=short;

cl ass grp;

nodel speed accuracy = grp;

manova h=grp/ printh printe;

title "Are groups significantly different
on the p=2 vari abl es’;

proc im; [*xxxxxx*x*x*x%xx Handy nodul @ *** %% %% %% %%
sanpl estat s( X, Xbar, WS, R, n);

n = nrow X);

one = J(n,1);

Xbar = X *one/ n;

W= (X - onexXbar')‘ » (X - onexXbar‘);

S =W(n-1);

Dsqrt = sqgrt(diag(S));

R =1nv(Dsqrt)*S«inv(Dsqgrt);
Fi ni Sh sanpl estat s; [ xxxxkkhhhhhhhhhkkkkk*** %% %4
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use short;
read all var{speed accuracy} into X

Di scrim nant anal ysis using | M

use short;

read all var{speed accuracy} into X

read all var{speed accuracy} into Xal
where(grp="Al");

read all var{speed accuracy} into Xa2
where(grp= A2’ );

read all var{speed accuracy} into Xa3
where(grp="A3");

read all var{speed accuracy} into Xbl
where(grp=" Bl );

read all var{speed accuracy} into Xb2
where(grp="B2');

read all var{speed accuracy} into Xb3
where(grp=" B3 );

call samplestats(X, MWS, R, n);

cal |l sanpl estats(Xal, Mal, Wal, Sal, Ral, nal);

cal |l sanpl estat s(Xaz2, Ma2, W2, Sa2, Ra2, na2);

cal |l sanpl est at s( Xa3, Ma3, WA3, Sa3, Ra3, na3) ;

call sanpl estats(Xbl, Mol, W1, Sbl, Rbl, nbl);

call sanpl estats(Xb2, M2, W2, Sb2, Rb2, nb2);

call sanpl estats(Xb3, Mo3, W3, Sb3, Rb3, nb3);

Bo = Nal*(Mal-M*(Mal-M ‘ +Na2+x( Ma2-M = (Ma2- M’

+Na3*(Ma3-M+*(Ma3-M ‘ + Nbl+x(Mo1l-M+x(Mo1-M*
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+Nb2% ( Mo2- M * ( Mo2- M * +Nb3% ( Ma3-M = (Ma3-M * ;

W= VA1+Wa2+VWa3+Wh1+Wh2+Wh 3;

W= 1nv(W,;

* Method 1: To get the eigenvectors
L of inv(W =*Bo;

call eigen(lamU,iw;

| Wsgrt = Uxdiag(sqgrt(lam)=*=U ;
M= iWqrt*Bo*i Wqrt;

cal |l eigen(l anbda, Estar, M;

L = iWsgrt+Estar;

* Method 2 for getting eigenvectors
Lstar of inv(W *Bo;

F = root(iW; <--- "Chol osky root"

EHE = F+Bo*F';

call eigen(lank, U2, EHE);

a = F ~U2;

print ' Both nmethod of conputing ei genvectors
of inv(WBo yield sane result’, L a;
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* To scal e el genvectors so L' *ExL=1;

tmp_glm= L**WL,;

Cglm = sqgrt(diag(tnmp_glm);
ICglm =inv(Cglm; L glm=L+xic _glm

* To scal e ei genvectors so L‘*Spool *L=1;

tnmp = L' *WL/(N6);
C = sqrt(diag(tnp));
I1C =1nv(O;

L = L*i G

print 'Linear Discrimnant Analysis (IM out put
' Bet ween groups SSCP ' Bo,
'Pool ed (wthin groups) SSCP ' W
'Linear Discrimnant Functions
(GMscaling: L*"*WL=1) ' L gm

'Li near Di scrimnant Functions

(CANDI SC scaling so L‘*Spool xL=1) ' L,
'Characteristic Roots ' | anbda;
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proc candi sc di stance anova dat a=short;
cl ass grp;
var speed accuracy;
title 'Designed for Description:
DA via PROC CANDI SC ;

run;
proc candi sc data=short all ; <--"all" prints

| ots of stuff
cl ass grp;

var speed accuracy;
title ' Designed for Description:
DA via PROC CANDI SC ;

proc discrimsinple pool =yes Wov Pcov |ist;

cl ass grp;

var speed accuracy;

priors equal;

title 'Designed for Classification/Allocation:
DA via PROC DI SCRI M ;

run;
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