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Chapter 2
Generalized Linear Models

2.1 Introduction

Multiple regression and ANOVA dominated statistical aisédyof data in the social
and behavioral sciences for many years. The recognitiamthhiple regression and
ANOVA are special cases of a more general model, the geneearlmodel, was
known for many years by statisticians, but it was not commoovkedge to social
science researchers until much |ateFhe recognition of the connection between
multiple regression and ANOVA by social scientists proddjeossibilities for more
relevant and therefore more powerful exploitation of resle@ata” [p 426, Cohen,
1968]. As such, the general linear model was a large stepafarin the development
of regression models.

In the general linear model framework, response variablkeassumed to be nor-
mally distributed, have constant variance over the valti¢iseopredictor variables,
and equal linear functions of predictor or explanatoryafalés. Transformations of
data were developed as ways to force data into a normal Inegaession model;
however, this is no longer necessary nor optimal. Genelinear models (GLM)
go beyond the general linear model by allowing for non-ndiyrdistributed re-
sponse variables, heteroscedasticity, and non-linegioekhips between the mean
of the response variable and the predictor or explanatarghas.

First introduced by Nelder & Wedderburn (1972), GLMs previd unifying
framework that encompasses many seemingly disparate mdsig¢cial cases of
GLMs include not only linear regression and ANOVA, but alegiktic regression,
probit models, Poisson regression, log-linear modelsnaaaaly more. An additional
advantage of the GLM framework is that there is a common caatjonal method
for fitting the models to data. The implementation of this Inoet in software pro-
grams opened up the ability of researchers to design moulétstheir data and to

1 Fisher (1928) was one of the first (if not the first) to realizke connection between multiple
regression and ANOVA (see also Fisher (1934)). The relatigmwas fully described in paper by
Wishart (1934). The general linear model representatiodNDVA can also be found in Scheffe
(1959)’s text on ANOVA. A classical reference in the soci@ksces is Cohen (1968).
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fit a wide variety of models, including those not previoustpmosed in the litera-
ture. Many software packages are now available for fittindgASlto data, including
SAS (SAS Institute, 2003), S-Plus (Insightful Corporafi®@07), R (R Core Team,
2006), Stata (-reference—) and others.

In the GLM framework, models are constructed to fit the typdath and prob-
lem at hand. Three major decisions must be made. The firs¢itfdom compo-
nentthat consists of choosing a probability distribution foe tlesponse variable.
The distribution can be any member from tha&tural exponential dispersion fam-
ily distributions or theexponential familyfor shor Special cases of this family of
distributions include the normal, binomial, Poisson, ganamd others. The second
component of a GLM is theystematic componeat linear predictorthat consists
of a linear combination of predictor or explanatory vareblLastly, dink function
must be chosen that maps the mean of the response variabkhetinear predictor.

As an example, consider research on cognition and aging iog-Storrow,
Miller, Gagne & Hertzog (2008). In their research, they meaghe time it takes an
elderly individual to read words presented on a computerestrReaction times are
non-negative continuous variables that tend to have pesjtskewed distributions.
A common strategy is to use normal linear regression bydriarfind a transforma-
tion of reaction times such that they are normally disteloLivith equal variances
and linearly related to the predictor variables. Rathen thsing a normal distribu-
tion, a positively skewed distribution with values that positive real numbers can
be selected. The systematic component of the model cant@iteequal any real
number, but the link function can be chosen to ensure thgirtb@icted means are
in the permissible range (i.e., non-negative real numbgrgegression, we model
means conditional on explanatory or predictor variablée hk is not applied to
the data, but to the expected value or mean of the responserdsilt, the choice
of a distribution for the responses is based on the naturbeofdsponse variable
without regard to what transformation (of means) is chosen.

Although GLMs do not take into account clustering or nestfigghservations
into larger units (e.g., repeated measures on an individiatlents within peer
groups, children within families), GLMs are an ideal stagtipoint for our mod-
eling approach. GLMs include models for response variablgsare continuous or
metric variables and those that are discrete. In the suks¢ghapters, the GLM
approach is extended to include random effects as a way tonitbadependency
between observations created by grouping, clusteringsimteof observations into
larger units.

In Section 2.2, the three components of a GLM are discussddtail. In Sec-
tions 2.3, examples for continuous variables and discratiables are presented to
illustrate how GLMs are formed, as well as introduce somé&efdata sets that will
be re-analyzed later in the book. In Section 2.4, a genemiviewv of estimation
is given that also includes problems and solutions somsteneountered when fit-

2 Thenatural exponential dispersidiamily and thenatural exponential familpf distributions are
often used interchangeably. The former include distrdngicharacterized by a single parameters
(i.e., location or mean); whereas the latter is a more géneadhincludes distributions with one or
two parameters (i.e., mean and dispersion).
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ting GLMs to data. In Sections 2.5 and 2.6, the statisticalés of assessing model
goodness-of-fit to data and statistical inference of modeimeters (i.e., hypothesis
testing, confidence intervals), respectively, are prestand illustrated. In the last
section, Sectiof??, technical details are covered. For more detailed degznipof
GLMs than given here see McCullagh & Nelder (1989), Fahrr&eliutz (2001),
Dobson (1990), and Lindsey (1997), and specifically forgatieal data see Agresti
(2002, 2007).

2.2 The Three Components of a GLM

Model building using GLMs starts with initial decisions fttve distribution of the
outcome variable, the predictor or explanatory varialésdlude in the systematic
component, and how to connect the mean of the response tgdtesrstic compo-
nent. Each of these three decisions is described in mor# iettae following three
sections.

2.2.1 The Random Component

A reasonable distribution for the response variable musthmsen. For example,
in work by Espelage, Holt & Henkel (2003) on the effects of i@ggion during
early adolescence, one way to measure the extent to whiclicaiglaggressive
(i.e., a bully) is a student’s score on the self-report di;Bully Scale (Espelage &
Holt 2001). The bully scores are typically thought of as artimuous” or metric
measures, because scores equal the mean of nine items eatlicbfis scored
from O to 4 (i.e., there are 37 possible scores). The digtdbuselected for the
Illinois Bully Scale should be one that is appropriate foloatinuous variable. An
alternative way to measure “bullyness” is the number of etdisl who say that a
child is a bully (i.e., peer nominations). The peer nomiratneasure is a count and
a distribution for a discrete integer variable should beceld.

The distribution selected is not the “true” distributionthre population, but is
an approximation that should be a good representation giribigably distribution
of the response variable. A good representation of the adipul distribution of
a response variable should not only take into account thereaif the response
variable (e.g.,continuous, discrete) and the shape of igtghaition, but it should
also provide a good model for the relationship between tha&maad variance. For
example, a normal distribution might seem like a sensild&ithution for the bully-
scale; however, the bully scale is bounded with minimum etu@ and maximum
equal to 4. The possible values of mean and variance depetidednounds, as
well as the shape of the distribution. For example, the méaheobully scale can
equal any value from O to 4. If values of the bully scale ardarmly distributed
between 0 and 4, the mean would equal 2 and the variance o$¢eeté random)
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variable would equal 21. The value of the variance of a bounded scale depends on
the shape of the distribution and the end points of the stbaléhapter??, the beta

is a distribution for continuous variables with lower angpapbounds is presented
along with beta-regression models.

Within the GLM framework, the distribution for a responseighle can be any
member of the natural exponential dispersion family. Meralwé the natural ex-
ponential family for continuous response variables inelude normal, gamma,
and inverse Gaussian distribution, and for discrete ouécweaniables the Poisson,
Bernoulli, and binomial distributions. Other useful distition some of which are in
the exponential family and others that are not will be introed later in the text. The
distributions introduced in this chapter provide a repnéson of the distribution
for many common measures found in psychological and sacidiess research.

A natural exponential dispersion distribution has two paters, enatural pa-
rameter @ and adispersion parametep. The parametef conveys information
about the location of the distribution (i.e., mean). Whendrstribution is expressed
in its most basic or canonical form, the natural param@iera function of the mean
u of the distribution. This function is known as tleanonical link Link functions
are discussed in more detail in Section 2.2.3.

Variances of particular distributions in the exponentahily equal a function
of u and@. In GLMs, non-constant variance or heteroscedasticitxjeeted. The
only exception is the normal distribution where the meanwarihnce are indepen-
dent of each other and the variance equals the dispersiameser (i.e.0° = @).
For distributions that have = 1, the variance is solely a function of the mean (e.qg.,
Poisson and Bernoulli distributions). In GLMs, tlpgoarameter is often regarded as
a nuisance parameter and attention is focused mostly onéle.nhis will not be
the case later in this book.

Below we review the basic characteristics of the normal, @amand inverse
Gaussian distributions for continuous variables, and teen8ulli, binomial and
Poisson distributions for discrete variables. More tecahtetails regarding the
natural exponential distribution are given in Appen@X Other distributions are
introduced latter in the text as they are needed.

2.2.1.1 Normal Distribution

The most well known and familiar distribution for continutandom variables is
the normal distribution. A normal distribution is characted by its mearu and
variancea?. The probability density function for the normal distritmurt is

1 -(y-p)
. 2y _
fyi,0%) = ——— exp[ o2
A particular normal distributions is representedgu, o). Typically, the param-

eter of most interest is the mean In GLM terminology, 8 = u is the natural
parameter of the normal distribution apd= 02 is the dispersion parameter.

2
] for —oo <y < oo, (2.1)
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fy)
0.3

0.2

0.1

0.0

Fig. 2.1 Four examples of normal distributio(u, 02) with different combinations of means
and variances.

Examples of four normal distributions are given in Figuré. Normal distribu-
tions are uni-modal and symmetric around the mgaNote that two distributions
with different means but the same variance (é\g0, 1) andN(2,1)) have the same
shape and only differ in terms of their location. Alternatiy two distributions with
the same mean but different variances have the same lodadiodiffer in terms
of dispersion or spread of values around the mean (8(@.,1) andN(0,4)). The
mean or variance can be altered without effecting the othet;is, the mean and
variance of a normal distributions are independent of edlclro

Although measured variables are never truly continuousymal distribution is
often a good representation or approximation of the distidim for many response
variables, in part due to the Central Limit Theorem. Thaoa¢tvariables such as
the random effects introduced in the next chapter are mastranly assumed to
be normally distributed. The normal distribution also @@y important role as the
sampling the distribution of parameter estimates (e.gression coefficients) and
many test statistics.
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2.2.1.2 Gamma Distribution

When the distribution of a response variable is not symmeind values of the
response variable are positive (e.g., reaction times),realodistribution would
be a poor representation of the distribution. An alterreatiistribution for skewed,
non-negative responses is the gamma distribution.

A gamma distribution is often presented in terms of two patens, a shape pa-
rameter and a scale parameter. Since our emphasis is ossiggrenodels, we will
present the gamma distribution parameterized in terms of@anu and dispersion
parameterp. A particular gamma distribution will be represented as G, @).
The probability density function for a gamma distributien i

. 1 1 e 1/p-1
fly; 1. 9) Flo D (W) y/ exp(—y/(up))  fory>0, (2.2)
wherel” is agamma functionA gamma function can be thought of as a factorial
function (i.e.y! =y(y—1)(y—2)...1), except that it is for real numbers rather than
integers.

The natural parameter of the gamma distributio®is- 1/u. The parameters
U and @ can be any positive real number. To see the effect thaind ¢ have
on the shape of the distribution, four examples of Gammaibligions are given
in Figure 2.2. The gamma distributions are positively skawor a giveny,
as @ gets smaller, the distribution becomes less skewed (eamn®{4,1) and
Gamma4,0.50)). For a giveng, as u gets larger, the distribution becomes less
skewed (e.g., Gamni 0.50) and Gamméb, 0.50)).

Unlike the normal distribution where the mean and variamedradependent of
each other, for a gamma distribution the variance is a fonaif the mean and the
dispersion parameter. The variance is a quadratic funofitine mean; namely,

o2 = 2.

To further illustrate this relationship, in Figure 2.3 treriance is plotted as a func-
tion of the mean for gamma distributions wherequals 2, 1, 60, 033 and 025.
When responses are skewed, using a gamma distribution gresson context not
only implies heteroscedasticity, but it implies a speciftationship between the
mean and variance should exist.

Special cases of the gamma distribution correspond to atakknown skewed
distributions for continuous random variables. Whee 1 (e.g., Gammg@, 1) in
Figure 2.2), the distribution is the exponential distribotwith a rate parameter
equal to ¥ u. The exponential distribution, a special case of the naéx@onential
family of distributions, is often used for rates of decay eclihe. Another special
case of the gamma distribution is the chi-squared disiohuA gamma distribution
with = v andg = 2/v is a chi-squared distribution wheveequals the degrees of
freedom of the chi-square distribution. For example, irufé.2, Gamm, 0.50)
is a chi-square distribution with = 4 and Gammg, 0.33) is chi-square withv =
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Gamma(4,1)

f(y)
2
1

Gamma(6,0.50)

Gamma(4,0.50)

Gamma(6,0.33)

Fig. 2.2 Examples of four Gamma distributions Gamimagp) with different combinations of
mean and dispersion parameters.

6. Like the normal distribution, the chi-square distributiis also important as a
sampling the distribution of many test statistics.

2.2.1.3 Inverse Gaussian Distribution

The inverse Gaussian distribution is probably the leastlif@andlistribution to social
scientists. Similar to the gamma distribution, the invéseissian is a skewed distri-
bution for non-negative continuous random variables. élth the normal (Gaus-
sian) and inverse Gaussian distributions share some cdithe properties, the name
“inverse Gaussian” is a bit miss-leading in that this disttion is not derived from
a normal distributior?

3 The distribution was first derived to describe Brownian miotivith positive drift (Chhikara &

Folks 1988, Seshadri 1998). Brownian motion is basically fitovement of particles over time
where there is a tendency for particles to move more in onectiin than another. The term
“inverse” comes from the fact that the cumulate-generatimgtior? for the time to cover a unit
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70
|

Variance
20 40 50
! !

10
|

Fig. 2.3 The relationship between the mean and variance of gamnrébdisins wherep ranges
from 2 to 025.

The inverse Gaussian distribution has a number of diffepanameterizations
(Chhikara & Folks 1988, Seshadri 1998). As before, we patarize the distribu-
tion in terms of its meam and dispersion parameter Both yt and ¢ are positive
real numbers. The probability density for the inverse Giansis

f(y) = (y_“)z] fory > 0. (2.3)

1

Tl
We will represent a particular inverse Gaussian distrduéis |Gaudgs, @).

Examples of inverse Gaussian distributions are given féerdint values oft and
@in Figure 2.4. The dispersion parameter essentially ctaiine shape of the distri-
bution. For example, compare the IGauss(2,1.0), IGauk4)and IGauss(2,0.001)
that are given in Figure 2.4. As the dispersion parametaedses, the inverse Gaus-
sian distribution becomes more symmetric.

of distance is inversely related to the function of the diseacovered in a unit of time (Chhikara
& Folks 1988).
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IGauss(3,3)

o
—
IGauss(1,2) IGauss(2,0.01)
e
—
2
IGauss(2,1)
wn
IGauss(2,0.1)
o
g -

Fig. 2.4 Examples of inverse Gaussian distributions IGaus®) with different mean and disper-
sion parameters.

Some authors use the symlad rather tharp to represent the dispersion param-
eter. We use here because? is typically used to represent variance; however, the
variance of the inverse Gaussian distribution is neitenor ¢. The variance of
the distribution equals

var(y) = 2. (2.4)

This is similar to the variance function of the Gamma disttibn except that the
variance for the inverse Gaussian increases more sharfitg asean increases.

2.2.1.4 Bernoulli Distribution

Many response variables are clearly discrete, such asctanréncorrect, agree or
disagree, true or false, sick or well, and fights or does nat.fighe Bernoulli and
binomial distributions apply to cases where the responsahla can take one of



12 2 Generalized Linear Models

two possible values (i.e. a dichotomous response). Sirebittomial distribution
depends on the Bernoulli distribution, we start with therigesli.
Lety" equal a Bernoulli random variable where

Yy =

(2.5)

1 if an observation is in category one
0 if an observation is in category two

The parameter of the Bernoulli distribution is the probipiit that an observation
is in category one. The probability function fgris

Py =y;m =P(y;m)=m(1-m'Y fory=0,1 (2.6)

The mean igt, the dispersion parameter for the Bernoullipis- 1, and the variance
is solely a function of the mean; specifically,

vary') = m(1—m) = p(1— ). 2.7)

In Figure 2.5, the curve showing this relationship is lad@dh = 1. The variance
reaches a maximum when= 0.5, the point of maximum uncertainty. This general
shape of the variance function is often found for distribog for bounded scales.

2.2.1.5 Binomial Distribution

Sums ofn independent observations from a Bernoulli distributioméha binomial
distribution; that is,
n
y= 2131*
i=

is a binomial random variable. The parameter of the binowlistribution is the
probability rand a specific case of the binomial distribution will be regrged as
Binomial(rt,n). When using the binomial distribution, interest is focusedesti-
mating and modeling the probability. The number of observations or “trials” is
a known quantity. Binomial random variables can equal ieteglues from O ta.
The probability that a binomial random variable equails

P(y=y;mn) =P(y;m,n) = (;) ®(1-m™Y  fory=0,1,....n. (2.8)

The binomial coefficient
n\ n!
y)  y'(n—1)!
equals the number of ways to obtain the valugydfom n trials. Forn = 1, the

Bernoulli distribution is the same as the binomial.
The mean and variance of a Binomial random variable equal

E(yy=p=nmt  and vaty) = nm(1— ). (2.9)
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Variance

Fig. 2.5 Examples of the variance function for the binomial disttibo withn=1,5,10, 15.

For the binomial distribution the dispersion parametepis- 1/n. The variance
function for the binomial distribution for different valaef n are plotted in Fig-
ure 2.5. Regardless of the largest variance (i.e., point of maximum uncertainty)
occurs whernr=.5.

Not all discrete response variables have only two possiegories. In Chap-
ter ??, the binomial distribution will be extended to the multinahdistribution for
situations where there are two or more categories.

2.2.1.6 Poisson Distribution

Discrete variables can also be unbounded counts; thatrispagative integers that
do not necessarily have a maximum value. For example, indgkearch by Es-
pelage et al. (2008), one way to measure the extent to whidfilcis a bully is

by peer nominations. In this study, students in the schooldcoominate anyone
in the school as a bully so that the number of bully nominatieceived by any
one students are strictly speaking bounded by the numbénaéists in the school.
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(a) Poisson(1) (b) Poisson(2)
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Fig. 2.6 Examples of Poisson distributions with different means.

However, since no student received bully nominations clogee maximum num-
ber of students in the school, we consider bully nominatésasn unbounded count.
In such situations where the response variable is a conBadisson distribution is
often a good approximation of the distribution.

The parameter of the Poisson distribution is the Mgaand the dispersion pa-
rameter isp = 1. Lety be a Poisson random variable where possible valugs of
equal non-negative integers (i.¢5 0,1,2...). The probability that a Poisson ran-
dom variable equalg

e*IJIJy
Ply=y,1) =P(y;u) = Ji fory=0,1,.... (2.10)

Figure 2.6 gives four examples of Poisson distributionbwieans of 1, 2, 15 and
25. The smaller the mean, the more positively skewed thelalision. In Figure 2.6
(d) wherep = 25, the distribution is uni-modal and looks fairly symmetiif we

5 Some authors use the symbboto represent the parameter of the Poisson distributioreSine
mean of the Poisson equals we useu as the parameter of the distribution.
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had a response variable (integer values) with the distdbuitustrated in Figure 2.6
(d), we might be tempted to use a normal distribution for thgponse variable.
However, unlike the normal distribution, for a Poissonriisttion the mean equals
the variance

U= o> (2.11)

Using a normal distribution for a count would violate thewaaption of equal vari-
ances. Heteroscedasticity is expected for counts.

2.2.2 The Systematic Component

The random component of a GLM accounts for unsystematicamnefrriation in
observations. The systematic component of a model is the ixactural part of the
model that will be used to explain systematic variabilityvibeen means. The sys-
tematic component or linear predictor of a GLM is a lineardtion of explanatory
or predictor variables. The linear predictor is the saméiagight-side of a normal
linear regression model.

Letxs,...,Xg equal potential predictor variables. No restrictions dae@d on the
explanatory variables. They can be numeric or discretediBurete variables, the
X's can be dummy codes, effect codes, or any coding deemedl asefppropriate
to represent the categories of a variable. The linear piads

n = Bo+Brxa+ ...+ Boxq
= B'x, (2.12)

wheref = (Bo,B1,---,Bo)’ is a vector of regression coefficients and (1,x,...,Xg)’
is a vector of values on the predictor variables. Althougis a linear function of
the xs, it may be nonlinear in shape. For exampjegould be a quadratic, cubic
or higher-order polynomial. Spline functions are lineandtions, but they gener-
ally are not linear in shape. Transformation of the predgtye also possible (e.qg.,
In(x), exp(x), etc.), as well as interactions (e.&wx2).

When a predictor variable is discrete, the regression cwiltde disjoint. For
example, Allen, Todd and Anderson (in preparation) assestether outcomes of
cases of domestic violence in the state of lllinois chandgéest éhe formation of
councils that provided a coordinated response to domeigtience. In one study,
they modeled the change over time in the rate of extensioosdedrs of protection.
Before council formation, there was no change; howevegr &rmation, there was
a jump in the number of extensions and subsequently a slowase from that point
on. This disjoint function was modeled using a dummy codenfoether a council
existed in a particular judical circuit (i.exg = 1 if council, x; = 0 if no council)
and an interaction between the dummy cogdend time (time was measured as
chronological year).

In normal linear regression models, most of the attentigyivisn ton) and find-
ing the predictors or explanatory variables that best ptéldé mean of the response
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variable. This is also important in generalized linear me@dad problems such as
multicolinearity found in normal linear regressions aogiroblems in generalized
linear models. Hypothesis testing and statistical infeegior the regression coeffi-
cients is discussed after we cover the last component of a,Gdlink function.

2.2.3 The Link Function

The link function allows for a non-linear relationship bewn the mean of the re-
sponse variable and the linear predictor. The link funcgohconnects the mean of
the response variable to the linear predictor; that is,

g(H)=n. (2.13)

The link function should be monotonic (and differentiabl@)e mean in turn equals
the inverse transformation of ),

u=g*(n). (2.14)

The most natural and meaningful way to interpret model patars is typically
in terms of the scale of the data, in which case we consider g~(n) =

9 1(Bo+ Brxa+ BaxXq). This s illustrated in the examples of GLMs in Sections 2.3.
and 2.3.4.

It is important to note that the link relates theanof the response to the linear
predictor and this is different from transforming the resg® variable. If the data
are transformed (i.ey;s), then a distribution must be selected that describes the
population distribution of transformed data. Except wiég(y)) = E(y), a trans-
formation of the mean generally does not equal the meanméfivzamed values; that
is, 9(E(y)) # E(g(y)). As an example, suppose that we have a distribution with val-
ues (and probabilities) of 1 (D), 2 (04), 3 (Q1), 4, (Q2), 7 (0.2), and 10 (QL). The
logarithm of the mean of this distribution is(E(y)) = In(4.1) = 1.411; whereas,
the mean of the logarithm equal$li(y)) = 1.174.

The value of the linear predictay could potentially equal any real number, but
the expected values of the response variable may be bouedgddqounts are non-
negative; proportions are between 0 and 1). An importansidenation in choosing
alink function is whether the selected link will yield pretid values of the response
that are permissible. For example, with non-negative dath sis count data or
reaction times, a common link is the natural logarithm.

A summary of common link functions that will yield allowablalues for par-
ticular types of response variables and the correspondi@gses of the links are
given in Table 2.1. If there are no restrictions on the resporariable (i.e., they
are real numbers that could be positive or negative), thadeartity link might be
chosen where the mean is identical to the linear predidiat;is,

H=n.
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Table 2.1 Common link functions for different response variableste\that® is the cumulative
normal distributionWe should combine this information with the information ible 2.2.

Type of response variable  Link g(u) g i(n)
real ly| < oo Identity u n
real ly| < oo Reciprocal Yuify#0 1/n
0 ify=0
non-negativey > 0 Log In(ut) H=exp(n)
bounded Ky<1 Logit In(u/(1—p)) exp(n)/(1+exp(n))
bounded G<y<1  Probit o 1(p) o(n)
bounded Ky<1 Log-Log In(—In(u)) exp(—exp(n))

bounded Ky<1 Complementary Log-Log  [r-In(1—p)) 1—exp(—exp(n))

Alternatively, the inverse aeciprocal link

1/u=n,

is a possibility.

For response variables that are bounded between 0 and Lepgortions or
bounded response scales), the expected values are alstelidugtween 0 and 1. In
such cases, a common strategy is to use a cumulative digtntfunction of contin-
uous random variables as link function. A cumulative resgdinnction equals the
probability that a random variable is less than a particudéue,P(y <y) wherey is
continuous. The value ¢#(y < y) equals real numbers from 0 to 1 but possible val-
ues forn may span the real numbers. Common distributions used feiptiipose
are the logistic, normal and extreme value or Gumbal digtidins. The cumulative
distributions for these are plotted in Figure 2.7.

Since the normal and logistic distributions are symmetraziad the mean, the
corresponding links are symmetric arousd The rate at which the curves above
P(y <y) = .5increase toward 1 is the same as the rate of decrease towdrerD
the probability is below5. The link corresponding to the cumulative distribution
function for the logistic distribution ifogit link and equals the natural logarithm of
the ratio; that is,

logit(u) = In(u/(1—p)). (2.15)

Wheny is a proportion (i.e., probabilities are being modeled, lthgit is the loga-
rithm of odds. Alternatively, for a response variaglehere 0<y < 1, one could
use aprobit link:

probit(u) = @~ (), (2.16)

where® is the cumulative distribution function of the standardmat distribution.
Note that the normal and logistic curves in Figure 2.7 arg génilar. When mod-
eling data, the choice between normal and logistic is mindeims of model fit to
data.

In the case of particular psychometric models (e.g., Toaess model model for
paired comparison and the Bradley-Terry-Luce choice nmotted choice of the link
function is implied by the assumptions of the model. Thesdetware discussed in
more detail in Chapte??.
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Fig. 2.7 Cumulative distribution functions for the standard normadistic (scale=.0625), and
extreme value distributions.

The extreme value or Gumbel distribution is positively skewguch thaP(y <)
approaches 0 relatively quickly for smaller valuesydfut increases more slowly
toward 1 for large values of The corresponding link is tHeg-log link and equals

In(—In(u)) =n.

If P(y <) approaches 0 more slowly and approaches 1 sharply, tbemplemen-
tary log-loglink could be employed:

In(—=In(1—p)) =n,

where(1— ) is the complement gfi.

When a distribution for a response variable is from the ragxponential fam-
ily, there are special link functions known eanonical link functionsThese links
have desirable statistical properties that often make theaferable. In particular,
with a canonical link the natural parameter equals the tipeedictor (i.e..8 = n)
and sufficient statistics exist for the parameters. TalegRes the canonical link
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function for members of the natural exponential distribatiCanonical links are
often a good initial choice for a link function; however, ionse cases, the canonical
link make not be the best for the response variable. For ebanmthe study by
Stine-Morrow et al. (2008) the response variable is readiime. Reaction times
are non-negative and skewed. The gamma distribution waailtldgpood choice as a
possible distribution, but the canonical link for the gamith@ inverse (i.e., Au),
yields negative predictions of reaction times wherc 0. With reaction times, an
alternative link is the natural logarithm.

Table 2.2 Distributions in the natural exponential family coveredthis chapter or in later chap-
ters. .. More can be added later if we want/need to

Dispersion
Type of Range Canonical parameter  Variance Probability

Distribution Notation number of link [0} function f(y;u, )
Normal N(u,o?) real —oo <y<oo Identity o? o? (2.2)
Gamma Gamma, @) real o<y Inverse 0] 1) (2.2)
Inverse Gaussian 1Gaugs @)  real o<y 1/u? ® us (2.3
Bernoulli Bernoullirr)  binary Q1 Logit 1 Hld—p) (2.6)
Binomial Binomial,n) integer 01,...n Logit 1/n nu(l—p)  (2.8)
Poisson Poissqp) integer  01,... Log 1 u (2.10)

The ultimate decision on what link should be chosen dependb® nature of
the response variable, theoretical considerations, awdiedl a model fits the data.

2.3 Examples of GLMs

In this section, we illustrate the formation of GLMs for a m&l response variable,
a positively skewed continuous variable, a binary resposisé a count response.
These examples are also used to illustrate assessing nuathhess-of-fit to data
and statistical inferential procedures common to GLMs. Mieeleling of data in this
section is only a starting point. Each of the data sets hassteckd structure (e.g.,
responses nested within subjects, students nested wéhirgpoups or classrooms).
The clustered nature of the data is completely ignored amddhclusions presented
here should not be taken seriously. In later chapters, wvanadyze each of these
data sets using random effects to deal with the clusteringves reach different
conclusions compared to those presented in this chapter.
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2.3.1 A Normal Continuous Variable

The data for this example coni¢ = 358 children in a study by Rodkin, Wilson
& Ahn (2007) on social integration in classrooms. The reggovariable is a mea-
sure of a child’s level of segregation with respect to muttiahdships within their
classroom. Assuming normality of this measure is reasenadtause the values of
the response variable are (theoretically) continuousmealber and the distribution
within classrooms is likely to be uni-model and roughly syetrit.

Potential predictor variables are gender, the child’s iettynand the racial dis-
tribution in the classroom. The predictor variable gendedummy coded (i.e.,
mal e = 1 for boys and 0 for girls), and ethnicity is effect coded with for Eu-
ropean American and 1 for African American students. Forréwgal distribution
variable, classrooms were categorized as having eitherjerityaof students who
were white, a majority who were black, or no clear majoritg.(imulticultural). Two
coded orthogonal variables were used to represent theatasgacial distribution
in the regression model. One code is for classroom majottitgreaCviraj = 1 if
the majority of the students in the classroom are bl@j = —1 if the major-
ity are white, andCMaj = 0 if there is no majority. The other code for classroom
racial distribution is whether the classroom is multictddluvhereMul t C= 1 for a
multicultural classroom anilul t C= —0.5 for either of the other classrooms.

The normal linear regression model for these data wouldtaflyibe written as

segregation, = Bo+Bu(mal &)+ Bz(et hni ci ty;)+ Bs(CMaj ;)
+Ba(Mul t G) + Bs(et hni ci ty;)(CMj )
+Bs(ethnicity)) (Ml t G)+g;,

whereg; ~ N(0,0?) andx; = (1, (mal e;), (et hni ci ty;),..., (et hni ci ty;)(Mul t G))'.
The equivalent model written as a GLM is

Random: segregati on|x ~ N(ui, 0?)
Link: Hi =1
Linear predictor: ni = B'x;

wheref3 = (Bo,B1,---,B6)- The GLM form emphasizes the fact we are modeling
the mean conditional on predictor variables. It further bagizes that three deci-
sions are made. If the model does not fit the data well, thenaohmal distribution
may be a poor representation of the distribution of the resppthe identity may
not the best link function, the linear predictor may not ird# all relevant variables
(or transformations of them), or some combination of thasest.

The estimated parameter are reported in Table 2.3. Notitelth parameters for
child’s ethnicity, the interaction between ethnicity ahassroom majority CVaj ),
and the interaction between ethnicity and multicultukdli(t C) are all significant.
These results are not trustworthy because observatiohswlassrooms dependent
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Table 2.3 Estimated parameters from a normal linear multiple regwassiodel fit to the social
segregation data from Rodkin et al. (2007).

95% Confidence

Standard t intervals
Parameter df Estimate Error d { = 295) p Lower Upper
Intercept 1 ®6 005 562 < .01 017 036
male 1 -006 007 -0.81 42 -019 008
ethnicity 1 022 004 611 < .01 015 030
CMaj 1 -0.05 004 -139 .16 -0.13 002
ethnicity*CMaj 1 -0.11 004 —-284<.01 -018 -0.03
MultC 1 -0.07 006 -125 21 -019 004
ethnicity*MultC 1 013 006 224 .03 002 025

and thus violate of the independence assumption requirestdtistical inference
The observations within classrooms are most likely paslyicorrelated; therefore,
the standard error estimates are too small leading to thsttgistics for parameters
whose absolute values are too large. In other words, Typ®t etes are inflated.
We return to this example in Chapt2?.

2.3.2 A Skewed Continuous Response Variable

The data for this example consists of a sub-set of data eail49 elderly subjects
in a study on cognition and aging from Stine-Morrow and aliees. The proce-
dures and data are similar to those reported in Stine-Moetoa. (2008). Elderly
individuals were presented with words on a computer monitee words were pre-
sented one at a time and a sequence of words made up a sertanhesubject
read multiple sentences and sentences could wrap oveimtgs screen. A word
would be presented and the subject would hit the space ban thieg were ready
of the next word. Of interest in this study is reading time swead in ml seconds
between word presentation and the hitting of space bar. ddetion times are con-
tinuous and positively skewed as can be seen from the hetogf reaction times
in Figure 2.8.

Given the nature of the response variable, two plausiblieilligions for these
data are the gamma and inverse Gaussian distributions.d@dliese distributions
are positively skewed for non-negative continuous respeng/hich distribution
is better for the data may depend more on the relationshipdset the mean and
variance and best determined empirically.

Predictor variables include textual variables and attebwof the subjects. The
textual variables are the number of syllables in the wergd ( ), logarithm of the

6 In normal linear regression of clustered data (where themntégncies within cluster are ignored),
the estimate@s are actually reasonability good (consistent) estimdtdeeceffects (—reference-).
This is not true for all GLMs.
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Fig. 2.8 Histogram of the observed distribution of time taken by didparticipants to read a word
and fitted values from a gamma regression the canonicalthiekinverse.

word frequencyl(ogFr eq), inter-sentence boundaryrft SB), and whether a new
line is startedifewli ne). Subject attributes of interest are age, score on the North
American Adult reading testNAART), and measures of cognitive executive func-
tioning. The latter includes overall mean response acguiraeanAcc), response
time for trials using the same tas&WRTsane), and task switching response time
cost SV\RTcost ). The structural part of the model will be a linear functidittese
textual and subject variables.

The last component of the model is a link function. The cacalrink for the
gammais the inverse that in the context of reaction timegéspretable as the speed
to read a word. The canonical link for the inverse Gaussidn i€ In addition to

the default link functions, the log link will also be considd because response
times must be positive.

The family of GLMs that we fit to the reaction time data is

Y, ~ f(y;Hi, @) (2.17)
g(ti) = ni (2.18)
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ni =B'% (2.19)

wherex; is a vector of values of the predictor variablfsis a vector of regression
coefficients f (y; ti, @) is either the gamma or the inverse Gaussian distributioa. Th
links considered are/u, 1/u?, and In(i1). For example, a gamma regression using
the inverse link is

(/) =ni = Bo+ B (syl 1)+ B2 (I ogFreq;)+ B3 (i nt SBi) + B4 (newLi nej)
+Bs (agej) + Bs (NAART;) + Bs (meanAcci) + Bs(SWRTsane;)
+B7 (SWRTcost ).

Additionally, reaction timer t ; ~ Gammadp;, @), and the mean reaction time for
responseis i = E(rti|(syl I j),(I ogFreq;j),...,(SWRTcost )) = 1/n;.

Before fitting models to data, we deleted outliers with riegctimes greater than
4,000 ml seconds, approximately 1% of the tathE= 64,368 responses. Regard-
less of the distribution, models with link/1u? failed to converge and this link was
deemed a poor choice. The predicted reaction times from tier dour models
are nearly identical. The correlations between the priedistwith the same link
function but different distributions equ&l99 for the Irfu) and 1/ links. The cor-
relations between predictions with different links witletiame distribution equal
to .989 for the gamma distribution an@i86 for the inverse Gaussian.

Since the predicted values from the four models are so sinufdy the fitted
values from the gamma regression with the inverse link aoéqal in Figure 2.8.
The fitted values are represented by the dots connected Higldiise. The models
over-predict the number of reactions times near 500 ml s&cdy over 15000,
and under-predicts the reaction times greater than 500¢ohsks. In this data set,
there areN = 149 subjects each of who contribute reaction times for ed¢heo
432 different words in the experiment. A model that take® iatcount random
individual differences could improve the fit of the model teetdata, as well as
account for dependencies due to the nesting of observatiibimis individuals.

All of the effects in the models are significant (except ona@inverse Gaussian
model with the log link). Since we did not take into accour tlependency in the
data, the estimated parameters and standard errors arpootad here. We revisit
this example in Chapteér?.

2.3.3 A Dichotomous Response Variable

The data for this example come from a study of by Rodkin et2006) on the
social status of children among their peers. The data dmfsiseasures oN = 526
fourth and fifth grade students. As an index of social statbigjren were asked they
think is “cool.” For this example, the response variatdeal; equals the number of
kids classified as a model or ideal student (i.e., popularasqrial) among those
who were nominated as being “cool.” Since the response wttienous (cool-kid
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is an ideal student or not), the binomial distribution is tregural choice as the
distribution of the response and we model the probabiligt #n ideal student is
nominated as being cool. The predictor or explanatory légaare the nominating
child’s popularity, gender and race. Each of the predictoesdummy coded as
follows:

. 1 high 1 bo 1 black
popularity; = {0 |0\?V , gender; = {O girly’ and racej = {0 white -

The indexi is used to represent a particular case or combination of itheigior
variables (e.g., white girl who is popular is one combina}jo; equals the number
of students nominated as “cool” by peers who had combinat@mthe predictor
variables, andg equals the probability that a student nominates an idedestias
being cool. The cool-kid data are given in Table 2.4.

Our basic GLM for the cool—kid data is

ideal; ~ Binomial(7g,n;)

9(7%) = mi
nNi = Bo+ B1Popul ari ty;+ BoGender ; + BsRace;,

Three different link functions are illustrated: the idéyptii.e., 7 = n;), the logit
(i.e., I(15/(1— 1) = n;), and the probit (i.e.® (1) = n;). Putting the three
components together leads to three different models. Imatlels,incorrect;
is binomially distributed. The linear probability model is

15 = Bo+ B1Popul ari ty;+ BoGender; + BsRace;,

the logit model is

In (1?7-5) = Bo+ B1Popul ari ty;+ BGender ; + B3Race;,

and the probit model is
@ ~1(15) = Bo+ B1Popul ari ty; + BGender ; + BsRace;.

The fitted valueds for each of these three models are reported in Table 2.4.
Given thatrs is the probability the student nominated by one child withlera-
tory variables equal t®opul ari ty;, Gender;, andRace;j is an ideal student,
the number of ideal students nominated equalsal ; = n;75. However, the data
given in Table 2.4 is collapsed over individuals with the sgpattern on the pre-
dictor variables. These models can be fit to individual lelah (i.e.y = 0,1 and
n; = 1) or to collapsed collapsed data (as in Table 2.4). Both Wwega to the same
estimated probabilities and counts. More on this issuesisudised in Chapté?.



Table 2.4 Data of students nominated as “cool” who are model studemtgpeedictions from linear probability, probit and logit dels.
Number of  Number of non- Number Proportion of Predicted Bbilities  Std. residuals  95% confidence

Index Nominating child’s  ideal students ideal students asfas ideal students 75 from Logit model bands for logitg
i popularity gender race who are “cool” who are “cool” n; pi Linear Probit Logit Pearson Adjusted lower upper
1 low girl  white 70 65 135 .52 .53 B3 .54 -0.38 -0.65 .47 .60
2 low girl  black 32 114 146 .22 22 21 21 019 030 .17 .27
3 low boy white 47 61 108 43 A4 42 41 044 070 .34 .49
4 low boy black 13 85 98 .13 A2 14 14 -0.28 -0.36 .10 .19
5 high girl  white 80 28 108 e 71 71 72 057 086 .65 .78
6 high girl  black 15 29 44 .34 .39 .38 .37 -043 -053 .29 .46
7 high boy white 46 34 80 .58 61 .61 .61 -061 -0.88 .53 .68
8 high boy black 11 25 36 31 29 27 .27 052 062 .20 .35
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The model with the identity link (i.e.;t = n;) is known as thdinear proba-
bility model. This differs from normal linear regression in that tistribution for
the response variable is the binomial distribution and hetriormal distribution.
The estimated probabilities of the linear probability mioale given in Table 2.4.
Although all of the estimated probabilities of this modelravgositive, this will
not always be the case. Sometimes this model yields neditae value for the
probabilities.

The estimated probabilities for the logit and probit modeis nearly identical
and are very similar to those from the linear probability mlod@o show how similar
the predictions are, as well as given an ideal of how well tloelets are fitting
the data, the estimated probabilities from the three maal@plotted against the
observed proportions in Figure 2.9. Note that perfect ptexi corresponds to the
solid line identity line. The predicted probabilities ftwetthree models are basically
on top of each other and all very close the observed values.

In Sections 2.5, more formal methods are presented for sisgewhether the
models provide a good representation of the data and forsihg@mong a set of
plausible models. One advantage of the logit model is tratdyit is the canoni-
cal link function for the binomial distribution and the inpeetation of the models
parameters is relatively straight forward. Furthermorieemthe canonical link for
the binomial distribution is used, the logistic regressiondel is special case of a
Poisson regression. We exploit this relationship in Ch&te

The estimated parameters and fit statistics for the linegit &nd probit models
are reported in Table 2.5. A brief explanation is given hardow to interpret the
parameters of a logit model and save more detailed disquésidChapter??. To
make this discussion more generalXgtrepresenPopul ar i t y; andxy represent
Gender j andxg represenRace;. To emphasize that is a function of thegs, the
probability is written as a function of them (e.@& (X1, X2, X31)). The logarithm of
the odds equals

T8 (X1, X2i, X31) )
In{ T ) = M = Bo+ Poxai + Boxai + PaXai. 220
<1— T§ (Xai, X2i , Xai ) Ni = Po+ Puxai + Poxoi + Paxs (2.20)

The 3s are most naturally interpreted in terms of odds ratiosiritathe inverse of
the logarithm of (2.20) (i.e, the exponential) yields thaledhat a cool-kid is an
ideal students,

TI(X4i, X2i , X3i)

T 0 xa ) o Ppot Prait P+ Poil 2.21
1 — 78(Xai, X2i, X31) Ao+ Brxai + PoXai + Poxal (2.21)
If x1; is one unit larger buty; andxs remain the same, the odds equals

T(Xgi + 1), X1, X3i)
1— (% + 1), %ai, Xai

7 expBo+ Br(X1i + 1) + BoxXoi + BaXai]. (2.22)
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Fig. 2.9 Predicted probabilities from the logit, probit and lineaolpability model fit to the cool-
kid data plotted against the observed proportions.

The ratio of the two odds above is an odds ratio. In our cas@lidg the odds in
(2.22) by the odds in (2.21) equals €gp). This interpretation does not depend of
the specific value for gender or race.

For the cool-kid example, the estimated parameters fordbi (and probit)
model are reported in Table 2.5. Using the estimated pammétom the logit
model, the estimated odds that a highly popular child noteman ideal student as
cool are ex0.7856) = 2.19 times larger than the odds for child with low popularity.
The odds that a boy nominates an ideal student are-eA859 = 0.62 times larger
than the odds for a girl, and the odds for a white student gpé-e€k4492 = 0.23
times the odds for a black student. Since the value of thagiedn the numerator
of the odds is somewhat arbitrary, we can switch the rolegnfigr and race and say
that the odds that a girl nominates an ideal student are4859 = 1/0.62= 1.63
times the odds for a boy, and the odds for a white student goel&d92 =
1/0.23= 4.26 times the odds for a black student. It is more likely thasgivhites
and highly popular students will nominate a model or ideadlsht as being cool.
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Table 2.5 Model goodness-of-fit statistics and parameter estimdtéseqrobit and logit models
fit to the model cool kid data (Rodkin et al. 2006).

Probit Model Logit Model

Effect estimate  s.e. Wald p estimate s.e. Wald p
Intercept 00875 00875 104 .31 01403 01397 101 032
Popularity:

High 0.4804 01013 2248 < .01 07856 01667 2222 < .01

Low 0.0000 00000 — — 00000 00000 — —
Gender:

Boy —0.2955 00987 897 < .01 —0.4859 01640 877 001

Girl 0.0000 Q0000 — — 00000 QOO0 — —
Race:

Black —0.8817 01011 7613 < .01 —1.4492 01701 7255 < .01

White 00000 000000 — — 00000 00000 — —
df 4 4
Deviancep-value) 14944 (83) 15955 (81)
X2 (p-value) 14933 (83) 15982 (81)
In(likelihood) —4500575 —4501081

The students providing the nominations (i.e., the resp®riaethe cool-kid ex-
ample are nested within peer groups and peer groups arefuted within class-
rooms. This nesting leads to responses from students thhighly positively corre-
lated and3s and estimated standard errors are biased. The estimatethsd errors
are too small, which in turn leads to test statistics for theameters that are too
large. In other words, the Type | error rates of statistiealg inflated. These data
are re-analyzed in the next chapter using more appropriateads; however, we
continue to use the cook kid—data in this chapter to illust@_M methodology.

2.3.4 A Count Response Variable

The data from this example are from a study by Espelage €2G04( on the effects
of aggression during early adolescence. The responseéigribe extent to which
a child is a bully, has been measured in two different wayse @ethod takes the
average of responses to nine items from the lllinois Bullgl8¢Espelage & Holt,
2001), and the other method uses the number of children wharother as being
a bully. Bully nominations are viewed as a more objective sneathan scores the
Illinois Bully Scale (a self report measure). In this an@ysve will model bully
nominations as the response variable with the bully scaleescas an explanatory
or predictor variable.

The distribution of the peer nominations is given in FigurgéQ2 Note that the
distribution is very skewed and responses are non-negatiegers. Since the re-
sponse variable is a count, our initial choice of a distidnuts the Poisson with
its canonical link, the natural logarithm In. The bully s the predictor variable
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Fig. 2.10 Observed distribution and fitted values from two Poissomesgjon regression models.
Model 1 only includes the bully scale as a predictor variabsid Model 2 includes bully scale,
gender, age and empathy.

included in the systematic component. Our GLM model for ¢hdssta is

bul I ynom ~ Poissofig;)
In(pi) = ni
Ni = Bo+ Bi(bullyscale);

The parameter estimates and fit statistics are reportedile 2a6. The fitted model
equals -
In(bullynom ) = —0.6557+ 0.8124bullyscale);,

or using the inverse of In that gives the predicted counts,
bullynom = exp—0.6557+ 0.8124bullyscale);.]

Interpretation of the regression coefficients in a Poisegnassion model is sim-
ilar to that for normal linear regression in that we cons@ene unit difference of
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an explanatory variable and the corresponding differeeteéden the predicted (fit-
ted) expected values of the response variable (i.e., thaatsd means); however,
the effect of a predictor on the mean response is multipVieaither than additive.
Specifically, the Poisson regression model when a predietera value of; is

Hix, = explBo+ Bu(x)] = ePoes, (2.23)
and the model when a predictor is one unit larger is
i (x+1) = €XPBo+ Bu(X + 1)] = ePoefrrieh, (2.24)

The expected mean coup 1) is expB1) times the meary; that is, the
predicted mean give(x; + 1) is exgf1) times the mean giver;. In our exam-
ple, for a one point larger on the bully scale, the mean nurobeominations is
exp(0.8124) = 2.5 times larger.

Table 2.6 Estimated parameters and fit statistics for simple and nmrgtex Poisson regression
models fit the peer nomination data.

Model 1 Model 2
Parameter Est. SE e{p) Wald p Est. SE ex@@B) Wald p
Intercept —0.6557 00888 5452 < .01 —4.2457 06128 4800 < .01
Bully scale 08124 00351 225 53672 < .01 07812 00543 218 20674 < .01
Gender (female) —0.3278 00942 072 1212 < .01
Gender (male) 0.0000 00000 . .
Empathy 0.1331 00515 114 668=.01
Age 0.2574 00492 129 2733 <.01
Fight scale 0.1533 00447 117 1174< .01
df 287 283
Deviance 17785 170192
Pearsornx? 296856 287518
In(Likelihood) 15330 18817

The simple Poisson regression model fails to give a goocesgmtation of the
data as can be seen in Figure 2.10 where the dashed line dimwwmtlel predicted
probabilities computed using the fitted mean co(riibe model under-predicts the
number of observations with 5 or fewer nominations. The rhoa®y be failing
to fit for a number of reasons. Recall that for the Poissorribigion, u = 2.
Overdispersion occurs whgn< g2 and this is found in the bully data. Means and
variances of the number of nominations for ranges of theytagiale are reported in
Table 2.7. The means increase as bully scores increaseastes), but the vari-
ances are much larger than the means. When data are oversgidpthe standard
errors for parameter estimates are too small, which in eeidd to test statistics for
coefficients that are too large (i.e., higher Type | erroesat

7 The predicted probabilities were computed using: fii /N wherefy; is the fitted mean count for
observatiori andN is the total sample size.



2.4 Estimation 31

Table 2.7 The means and variances of peer nominations for ranges bfithyescale scores.

Bully score Mean Variance
0-09 142 1270
1-19 486 8449
2-29 720 17903
3-40 1220 30170

Overdispersion can be caused by lacking necessary predatiables, having
correlated observations due to nesting or clustering oéiagions, or the wrong
distribution for the data. All observations with the sam&ieaof the predictor vari-
able are assumed to be independent values from the samerPdisgibution. This
assumption is known as tth@mogeneitassumption. We may be able to overcome
heterogeneity by adding predictor variables when the retedeitional variables
are available.

The variables gender, age, empathy (perspective takingsalb of the Davis
(-reference-) measure of empathy), and scores on a figlttahg were all added to
the model. The results of the second model are given in TabBlaritler “Model 2”.
Although Model 2 fits better than Model 1, it still fails to agleately represent the
data. The solid line in Figure 2.10 shows that Model 2 stilsfto capture the low
end of the distribution.

Another potential problem with this analysis that coulddi¢a overdispersion
is dependence of observations. Students are nested areldstithin peer groups.
This analysis has not taken this potential dependency etownt. If there is depen-
dency in the data, the standard errors will be too small aatibstal tests will have
higher Type | error rates. The statistical tests for theesgion coefficients in this
example are not to be trusted. When assessing and deteobibigims with GLMs,
we must consider our decisions regarding the distributsystematic component
and link function. We return to this example in Chaf@where we consider ways
of including dependence (i.e., random effects), and exmoalternative distribu-
tions for the data.

2.4 Estimation

When using GLMs, having a basic understanding of how paremmere estimated
can help detect problems and point to potential solutionsoverview of estimation
is provided here and a more technical coverage is given itidBe??.

Maximum likelihood estimation (MLE) is typically used totesate the param-
eters of GLMs. Maximum likelihood estimates are those thataost likely given
the data. This is achieved by considering the probabilitysitg as a function of
the parameters rather than as a function of data. Given ddta probability model
(i.e., random component of a GLM), those parameters th&d gienaximum value
of the function are maximum likelihood estimates. For exepgnsider the distri-



32 2 Generalized Linear Models

©
7 @ 8 A (b)
S
o
S -
o Qg
< - {g*
= o~
I g = 7
s ] = g |
B [S)
s | g |
© T T T T = T T T T T
0 2 4 6 8 0 2 4 6 8
H H
~ c o | T~
) © S &
< =~ 8 -
0 < [}
w ~
= N o
A EXR
= =
£ o
o _| T7
1
3
=} .
S
! T T T T T T T T T T
0 2 4 6 8 0 2 4 6 8
H H

Fig. 2.11 The likelihood (top) and In likelihood (bottom) for the Psim distribution whery = 2
(left) andy = 1,4, 4 (right) plotted as a function of possible values for the mga

bution function for the Poisson distribution in equationl® and the simple case
of a single observatiop The likelihood function for the Poisson is

e H uy
y!

Equations (2.10) and (2.25) are the same except the roje afidy have been
switched such that is fixed andu can vary in (2.25). For example, the likelihood
given by (2.25) is plotted foy = 2 in Figure 2.11 (a). Notice that the maximum
value ofL(u|2) occurs argu = 2.

Suppose that we have a sampleNofndependent observationys,...,yn from
Poissoriu). The likelihood function for the whole sample is the prodofcthe in-
dividual likelihoods,

L(p;y) = (2.25)

N e*lv’uyi

M (2.26)

L(IJ|y1,...,YN) =
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This is basically an application of the multiplicative rufeprobability where the
probability of independent events equals the produce gbtbkabilities for each of
the events. An example of this likelihood function is pldtte Figure 2.11 (b). The
maximum of the likelihood occurs at = 3.33, the mean of 2, 4 and 4.

To estimate the parameters of a GLM, we specify a modelufaonditional
on predictor or explanatory variables. This modelis= g~1(B'%;). The process
and concepts are the same except that we replabg its modelg—(B8'x;) in the
likelihood function. The likelihood function is then a furan of the regression co-
efficientsB./ Once the MLE of8 has been estimated (i.8), the MLE of ; equals
fi =g (B x).

Typically, estimation procedures use the In of the liketiddecause it is easier
to work with. Examples of the liL(u;y)) for the Poisson distribution are given in
Figures 2.11 (c) and (d). The maximum of the In likelihooddtion occurs at the
same value of the parameters as it does for the likelihooctim

Except for special cases of the general linear models fioemal linear regres-
sion and ANOVA), MLE of parameters requires an iterativeoatiym. Common
algorithms for finding maximum likelihood estimates are lewvton-Raphson and
Fisher scoring. These are iterative algorithms used teswwlinear equations. The
algorithms start with an initial set of parameter estimaied up-dates the estimates
on each iteration by solving a simple approximate problehre Tip-dating is re-
peated until the algorithm converges and a maximum of theiikod has been
achieved. The parameter up-dating equations for Newtgrhi&an and Fisher scor-
ing equal current parameter estimates minus the produbeadhtrerse of théles-
sian matrixand thescore vector

The score vect8rcorresponds to the slope of the In likelihood. The is one ele-
ment in the score vector of each parameter to be estimatedn\tile maximum of
the likelihood is achieved, the elements of the score vestopes) all equal zero.
This is illustrated in our simple example in Figure 2.11 Wheny = 2, the slope is
flat, equal to 0. The Hessian matftisonveys information about the rate of change of
the likelihood. When a parameter estimate is far from the IVhé rate of change
will be larger. In our simple example, note that whenr= 0 in Figure 2.11 (c), the
rate of change is larger than it is whgaris closer to the MLE a1 = 2.

The difference between Fisher scoring and Newton-Raplssbow the Hessian
matrix is computed. The Newton-Raphson method computdddlsian using data;
whereas, Fisher scoring uses the expected value of thedremsil equals the neg-
ative of Fisher’s information matrix. Different algoritlefior finding MLEs should
all yield the same results.

Common problems to look for are lack of convergence, fittddesoutside the
permitted range (e.g., counts that are negative), and alsingr nearly singular
Hessian matrix (i.e., there is no unique inverse of the H@3sProblems are gener-
ally caused by the wrong model for the data. Estimation gnoisican generally be
solved by modifying the model. For example, a linear prolitgbihodel will yield

8 The score vector or gradient is the vector of first partiahvdgives of the In likelihood function.
9 The Hessian matrix is a matrix of second partial derivatives
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negative estimated probabilities whenegek 0 and probabilities greater than one
whenevem; > 1. In such cases, the estimation algorithm may fail to cayeeA
reasonable solution in such a case would be to use a difféndntunction that
would ensure that probabilities are within the permitteteof 0 to 1 (e.qg., probit,
logit).

If a model has too many predictor variables or the predicioeshighly corre-
lated, the Hessian may be singular (or nearly so). This atdgan unstable solution.
Most computer programs will issue a warning or error messae problem of a
singular Hessian can be detected by the presence of outrslgdarge estimated
standard errors. For example, in the cool—kid data, the laojpuof a nominator is
actually measured on a continuous scale that was dichotahsialely for the pur-
pose of illustration of modeling and modeling concepts. Raxity is best entered
as a numerical predictor; however, if popularity with 7Geliént values was entered
into the model as a categorical predictor variable , theregton fails. The Hessian
is not singular (i.e., not “positive definite”). The estiradtstandard errors for many
of the levels of popularity are 70987 or 118499.2; whereas, the standard errors
for gender and race equaB® and 019, respectively.

Multicolinearity can lead to the Hessian being nearly slaguThis causes a
problem for estimation because the estimation algorithmastrtake the inverse of
the Hessian and there is no unique inverse for a singularbméatr such cases,
Fisher scoring will tend to perform better than Newton-Raghsince the expected
value of the Hessian is used. Alternatively, a variation efMtbn-Raphson, “ridge
stabilized” Newton-Raphson, might also wétkPerhaps the best thing to do is to
fix the source of the problem by modifying the model.

2.5 Assessing Model Goodness-of-Fit to Data

When making statistical inferences about populationsdtta and the model are
taken as given; however, uncertainty exists in the modediBpation itself (Burn-
ham & Anderson 2002). Valid inference depends on using a htbdeis a good
representation of data; therefore, choosing a model (ossstilbf models) should
precede interpretation of parameter estimates.

Assessing model goodness-of-fit to data should never bel loasa single statis-
tic or statistical test. Evaluating model fit is best thougfras a process of gathering
evidence for and against a model or a sub-set of plausibletsothree aspects that
we consider here are examining global measures of goodridiéte data, compar-
ing competing models within a set of plausible models, asgssing local lack of
fit.

General methods commonly used for assessing fit are deddvddew. Other
methods have been developed for particular types of mod@aks.model specific
methods are described in subsequent chapters in the cofifgadticular models.

10 Basically in a ridge stabilized regression, positive valage added to the diagonal of the Hessian
to help keep it from being singular (-reference-).
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2.5.1 Global Measures of Fit

Global measures of fit compare observed values of the respangble with fitted
or predicted values. Two common measures are deviddar(d the generalized
PearsorX? statistic. Most computer programs for GLMs output valuebath X?
andD.

Deviance is a global fit statistic that also compares obseavel model fitted
values; however, the exact function used depends on tHébloal function of the
random component of the model. Deviance compares the maxiwalue of the
likelihood function for a model, saiyl;, and the maximum possible value of the
likelihood function computing using the data. When the gataused in the likeli-
hood function, the modé\l, is saturated and has as many parameters as data points.
The modelMy fits the data perfectly and gives the largest value possiiiehie
likelihood. Deviance equals

D = —2[In(L(My)) ~ In(L(My))], (2.27)

whereL(M7) andL(My) equal values of the likelihood function for modéfs and
My (the data), respectively. If modM; fits the data perfectly, the two values of the
likelihood will be equal and Dew 0. In practice where the modkl; is a summary
of the information or structure in the data, the likelihood¥1; will be smaller than
the likelihood using the observed data (ilgM;) < L(My)) andD > 0.

Another common global measure of fit is a generalized Pesr¥Grstatistic,

(2.28)

=y Ui

The greater the difference between observed and fitted vadl&tive the the vari-
ance of the fitted values, the larger the valuéf

Both X2 and D can always be used as indices of fit. When data are normally
distributed (i.e., the random component of the GLM is nodithen the sampling
distribution ofX? andD are chi-square (McCullagh & Nelder 1989). For other dis-
tributions, the sampling distributions ¥ andD are approximately chi-square for
“large” samples. In these cases, model goodness-of-fiteassessed statistically.

For the large sample or asymptotic results to apply there breis: large num-
ber of individuals who have the same values on the variablélé model. How
large is “large enough”? Consider the data as a cross-fitadgin of variables in-
cluding both discrete and/or essentially continuous e If there are 5 or more
observations per cell (or for most cells), then the samplistyibutions 0fX? andD
may be approximately chi-squared. This condition is edsieneet when all vari-
ables are discrete, but runs into problems when variabkegregarly) continuous.
For example, in the cool-kid example, the cross-classifinaif type of kid (ideal
or not) by popularity by gender by race hag 2 x 2 x 2= 16 cells and the size of
this table does not increase when additional subjects aledan the study. Adding
more subjects to the study increases the number of obsemggtier cell. If popu-
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larity was treated a numeric or continuous variable, the sfzhe table would have
been 2<x 70 x 2 x 2= 560 cells and would need a larger sample to have at least five
observations per cell (there are oMly= 526 students in the study). Furthermore,
adding an additional subject would likely increase the sizthe table because the
new observation may have a different value on the popularégsure.

When the sampling distribution €2 andD are approximately chi-square, the
degrees of freedom equal the number of observations mirusuimber of unique
parameters; that is,

d f = number of observationsnumber of unique parameters (2.29)

In our cool-kid example, since there are 8 possible logits4estimated param-
eters, the model degrees of freedom eqlfal= 8 — 4 = 4. Since the smallest cell
count is 11, the sampling distribution of PersoX%and deviance are likely to be
well approximated by a chi-square distribution. The devéaand PearsonX? for
the probit model havg-values both equaB3, and those for the logit model both
equal.81. These models seem to fit the data particularly well; h@naesting has
been ignored. These statistical tests are misleading.

A further consideration when examining the fit of a modelistigally is that
when the sample is very large and the global fits statigticandD have (approx-
imate) chi-square sampling distributions, the lack of nidiiéo data may be sig-
nificant even when the model is a good representation of ttze Whe values 0X?
andD depend on sample size. This is related to the issue of peagtisus statis-
tical significant. Model selection should not depend on glsistatistic or without
regard to the problem as a whole.

2.5.2 Comparing Models

A researcher may be faced with selecting a “best” model frorarsg a set of plau-
sible and competing models. GLMs may differ in terms of thaakdes included
in the linear predictor, the link function, or the random qmment. For example,
should the probit or logit link be used for the psycholingissdata? Should we use
a gamma or inverse Gaussian distribution for the reactioe tlata and which link
function should be used? For the peer nominations of budlkasnple, do we only
need the bully scores as a predictor or should we includedd#ienal predictor
variables?

One aspect of the choice among models is based on substtgmgy and the
goal of an analysis. If one posits an underlying model thalies a probit model,
then the probit should be selected. Psychological modatsriply models for data
are discussed in Chapte?®@ and— maybe some other chapters.+or the bully
dataset, if a researcher wishes to use a self report bullg sather than the peer
nominations, the models in a set should include the bullyescas predictor of the
peer nominations
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Other aspects of model selection take into consideratiodetgoodness-of-fit
to data and parsimony. There is a trade off between modelrgssdof-fit to data
and models that summarize the essential structure in tlae Maidels that are either
too simple or too complex are not useful. A model that is toopdé may not be a
good representation of the information in the data and a htheeis too complex
does not provide enough of a summary of the information indidua to be useful.
Although not desirable as a final model, the complex modeVigdes a baseline
against which to compare simpler models.

How models can be compared depends on whether the modelssieg or non-
nested. Nested models are special cases of more compledsnéde example,
Model 1 for the bully data that only includes the bully scatere is a special case
of Model 2 that includes the bully scale score and four otledjgtor variables. In
Model 1, the parameter estimates for the other four wereiaitlglset to 0. An ex-
ample of non-nested models are the probit and logit modethégpsycholinguistics
data.

Likelihood ratio tests can be used to determine whether thef the model to
data is statistically different between two models where mdel is nested within
the other. Information criteria, weigh both goodness-béffthe model to data and
model complexity. Information criteria can be used to corapeested or non-nested
models. In this section, likelihood ratio tests are diseddsllowed by information
criteria.

Likelihood Ratio Tests

Likelihood ratio tests are most often used to compare mauidswith different
linear predictors because they require one model to be d&dpase of another. In a
few cases, they can be used to compare models with differgmibditions, but this
is more the exception than the rule. Later in Chaptétfgnd?? examples will be
given for this latter situation.

When one model is a special case of a more complex or “full” ehdikelihood
ratio tests can be used to assess whether the differencedlial fitdo data is statisti-
cally large. The likelihood ratio test is a conditional testhat given the full model
fits the data, it tests whether the nested (simpler) modelféatsthe data. LeM,
represent the null or nest model that has restrictions glaceits parameters and
Mj represent the full model. The likelihood ratio statisticiats

LR= —2[In(L(Mo)) — In(L(M1))], (2.30)

whereL(M,) andL(M1) are maximum values of the likelihood function for the
nested and full models.

To provide further insight into th&R test, the likelihood ratio test statistic can
also be found by taking the differences between the two nsbdeliances, because

LR = —2[In(L(Mo)) — In(L(My))] — (—2[In(L(M1)) — In(L(My))])

D(Mo) D(My)
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= —2[In(L(Mo)) — In(L(My)].

Although the distributions of the global fit statistics mayt be chi-square, the dif-
ference between them may be approximated by a chi-squdridi®n where the
degrees of freedom equal the difference between the nunfiparameters in each
model (i.e., the number of restrictions placed on the patarse@fM; to achieve
Mo).

As an example, consider the two models fit to the bully nonmmadata that are
labeled as Model 1 (only bully scores as a predictor) and Madgully scores,
gender, empathy, age, and score on a fight scale are all uggddistors). Model
1 is nested within Model 2 andR = 177165—170192= 69.73 with v = 287—
283= 4. Comparing 63 to a chi-square distribution with= 4 givesp < .01 that
can be taken as evidence in favor of the more complex modedgivih

Information Criteria

Information criteria can compare nested and non-nesteesothe models can
different with respect to their linear predictors, link fiions and distributions of
the response variables. The two that are given here are &kaikormation crite-
ria (AIC) and the Baysian information criteri8C). These measures consider the
distance between a “true” model and a model fit to the datay Tiyeto balance
goodness-of-model fit to data and model complexity.

TheAIC equals

AIC = -2In(L(My)) + 2Q, (2.31)

and theBIC equals
BIC = —2In(L(M1)) + QIn(N), (2.32)

whereQ equals the number of parameters of a model ldrtie sample size. The
smaller the value the better the model. Heuristically thesasures can be thought
of as penalizing a model based on their complexity; howebhere is a theoreti-
cal basis for the penalties. The thorough discussion okthesl other information
criteria can be found in Burnham & Anderson (2002).

When models differ in terms of their linear predictors okliunctions, comput-
ing AIC andBIC statistics is straightforward. For example i€ andBIC statistics
for the two models fit to the peer nomination data were contgpuging the statis-
tics given in Table 2.6. For Model JAIC = —2(15330) + 2(2) = —30260 and
BIC = —2(15330) + 2(2)In(289) = —29527, and for Model 2AIC = —364.34
andBIC = —34234. Comparing the twalICs, the better model appears to be Model
2 and comparing the twBICs, yields the same conclusion. This will not always be
the case. Different information criteria can yield diffeteonclusions.

Some caution is warranted when usiAtC andBIC to compare models. The
same data should be fit by models that are being compharuis becomes relevant
when some cases are excluded from a model due to missingsvatusome of the

11 This is also true fotR
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Table 2.8 The full In likelihood, AIC and BIC statistics for Model 1, Mgl 2 and two others fit
to the peer nomination data wheXe= 289.

Number of Full

Distribution Link  Predictors parameters (like) AIC BIC
Poisson In bul l yscal e 2 —107536 215472 216205
Poisson In bul | yscal e, 6 —104049 209298 211498

gender , enpat hy,

age, fi ght
Poisson identityoul | yscal e 2 —104453 209306 210039
Normal identitybul | yscal e 3 —93108 186616 187349

variables. Attention should also be paid to ensure thatahect orfull In likelihood

is used to computalC or BIC when comparing models with different distributions.
For some distributions, the full logarithm of the likelirbas an additive constant
that only depends on the data. Regardless of the link or whiatiuded in the linear
predictors, this additive constant is the same; therefan@e programs only use the
kernelof the likelihood (i.e., the logarithm of the likelihood \mibut the additive
constant). As a example, consider the Poisson distribufibe full logarithm of the
likelihood is

N

In(L(1;y) = In <|1 e;fﬂi )

N N
yiln(p) —Np =% In(yi!).
2 2

constant

When finding theu that maximizes the likelihood, the const@ﬁlln(yi!) can be
ignored and only the first two terms used (ig’l‘ilyi In(u) — Np) when estimating
u.

In the bully nomination example, the In likelihoods repdrie Table 2.6 do not
include the additive constants. In this example the adgl@onstant equals 228 66.
The full likelihoods, AIC and BIC for Model 1, Model 2 and twaditional models
are contained in Table 2.8. In termsAlC andBIC, it appears that the best model is
the one with a normal distribution and identity link fungctio/ery little if any weigh
should be placed on these results, because none of thesésramelacceptable. We
found that neither Model 1 nor Model 2 fit the data, there isiobs overdispersion
(making the normal distribution inappropriate), and that kave ignored the fact
that the children in this study are nest within peer groups.
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2.5.3 Local Measures of Fit

Part of determining whether a model is representative ofthecture in the data
includes examining local model miss-fit and looking for iefiitial observations.
Models may represent most of the data well, except for a stilbfsobservations,
and potential improvements to the model sometimes can bedfby looking for
systematic relationships in the residuals or identifyinges with particularly large
residuals. Such observations may have too much influenegnmstof goodness-of
model fit to data and/or on estimated parameters.

With respect to model fit to data, standardized residualsbeaexamined. Two
common residuals are Pearson residuals and deviance akssathd these should
be normally distributed. These residuals tend to be tooIsthel, variance too
small) relative to the standard normal distribution. Thare adjusted versions of
both of these such that if the model fits the data well, thesadglresiduals should
be distributed adl(0,1) . In our cool kid example, the Pearson and adjusted Pear-
son residuals are reported in Table 2.4. Although the agljlBearson residuals are
larger than the unadjusted, they are all small; that is, #neyall between-1.96 and
1.96 (the 275% and 9725% percentiles of thK (0, 1)).

Other measures that focus more on influential observati@ntsesed on the strat-
egy of removing an observation, re-fitting the model, andoting a statistic. The
statistics include global measures of fit (eX?, deviance), regression coefficients
(i.e., theBs)), diagonal elements of the Hessian or Hat matrix, andrsif&uch
statistics are computed for each observation. When thewdla computed statistic
for a case deviates from the values computed for most of ther observations, the
case may be an influential observation. Influential obsematmaybe outliers in
the design space and/or values that are not fit well by the mode

2.6 Statistical Inference for Model Parameters

Statistical inference for model parameters primarily urgls hypothesis testing and
the formation of confidence intervals. We discuss Waldand likelihood ratio tests
for parameters, as well as formation of confidence intefiealparameter and pre-
dicted means. Confidence intervals give a sense of the eatestimation.

2.6.1 Hypothesis Testing

Statistical inference of parameters can be performed Uakag testsF tests and
likelihood ratio tests. Wald and F tests require only fittmgingle model and are
useful as a first look at model parameters. Whether a Walfdtest is used depends
on whether ap parameter is estimated. For example, in a Poisson regneso
dispersion parameter is known (i.@.= 1), so a Wald statistic would be used and it
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would be compared to a chi-squared distribution. In norinadr regression where
the dispersion parameter is estimated (ige= 02), extra variability is introduced
by having to estimate the variance. Anstatistic should be compared to the
distribution.

The likelihood ratio test applies to models whetlgers known or estimated.
Likelihood ratio tests are more powerful than Wald a&hdoecause they use infor-
mation from the likelihood at both the point of the null hypesis and the maximum
likelihood estimate. The likelihood ratio tests requiréraating two models.

Wald Statistics

A property of MLE is that the sampling distribution of paraereestimates is
asymptotically (i.e., for large samples) approximateltiariate normally (MVN)
distributed; that is, R

B ~MVN ([3,}:[;). (2.33)

The matrixZ[3 is generally not a diagonal matrix; the estimafssare typically

correlated. Given the sampling distributionhgita in (2.33, hypothesis tests can be
conducted and confidence intervals for individual paransegets of parameters, or
linear combinations can all be computed. R

Sincef is MVN, then for theqth parameterﬁq ~ N(B,ogq). This fact can be

used to tesH, : 3 = B; by forming a z-statistic,

BB
~ ASE;

(2.34)

where ASE is the asymptotic standard ert8of ;. The ASE is an estimate @fg .

If the null hypothesis is true, thear: N(0O, 1). For example, in the cool-kid example,
the test statistic for the hypothesis that there is no etiegender (i.e.Hy : B3 =0
versusH, : B3 # 0) equalz = —.4859/0.1640= —2.96 and compared to a standard
normal distribution has p-value< .01.

The Wald statistic that tests an equivalent testzthtatistic in (234) is

A 2
Ba— By
Wald =2 = (ﬁ) . (2.35)

When the null hypothesis is true, the Wald statistic in (218 an approximate chi-
square distribution withv = 1 degree of freedom. Since the sampling distribution
of a Wald statistic is chi-square, these statistics are some referred to as “chi-
square statistics.” The Wald statistics for each of theaggjon coefficients in both

12 The ASEs are obtained in the estimation procedure (i.earsquot of the gth diagonal element
of the inverse of the Hessian matrix) and are generally irothiput from a program that fits GLMs
to data
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the probit and logit models are provided in TaB According to the Wald statistics
in the cook-kid example, the effect of gender is significast (Wald= (—2.96)% =
877,v=1,p<.01).

Although either thez or Wald can be used to test a single hypothesis, the Wald
statistic in (2.35) is actually a special case of a more g@iVgald statistic. The more
general form can be used to simultaneously test multiplethgses such whether
as a set of parameters all equal zero, the equality betwemmpters, contrasts
between them, and linear combinations of the parametess nititivariate Wald
statistics are also useful for testing whether a categiopiedictor withK levels
is significant rather then performing separate tests foh edidhe the individual
Bs that would requirk — 1 tests of the dummy or effect codes. Another use of
the multivariate Wald statistic for categorical predist@s testing whether two (or
more) levels have the sanfie

The hypothesis fo®* simultaneous tests is

Ho:C(B—B*) =0, (2.36)

whereC is a(Q* x Q) matrix of constants anf} is aQ x 1 vector of model param-
eters. If the null hypothesis in (2.36) is th¥ethen

Wald = (f3_B*)’C/(czﬁc)*lcq}_p*) ~Xx2. (2.37)

If Cis (1x Q) vector with all Os except for a 1 in thgth position, the test statistic
in (2.37) reduces to (2.35) for testing the hypothéjs 34 = ;. Most computer
programs have options to compute these statistics toite€3 = 0; however, it is
good to know what the program is doing and to be able to testtingses other than
the default (i.e., specify a value f@" that was perhaps obtained from a previous
study or implied by psychological theory).

In our cool-kid example, if we wanted to test whether the tanables popular-
ity and gender were significant, the hypothesis wouldHpe (31 = 3, = 0) andC

could be defined as
c_ 010
~\001/
Note that the matrixC has as many columns as (non-zero) parameters in the model.
The number of rows d€ equals the number of tests that in turn equals the degrees of

freedom (i.ev = Q*). Using this definition ofC for our psycholinguistics example,
the joint null hypothesis is

e (S35 [ (8)-(0). e

13 The matrixCZ ;C' is the covariance matrix fdt(éf BY).
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The alternative hypothesis l4; : CB # 0. To compute the test statistic in (2.37)
requires an estimate of the covariance matrix of the pammestimates. For the
bully example, this was obtained from the output when fittimgmodel to data and
equals

0.01952 -0.01078 -0.01161 -0.01194

-0.01078 0.02778 -0.00116 0.00223

-0.01161 -0.00116 0.02691 0.00246

-0.01194 0.00223 0.00246 0.0289%5

5=

UsingC, B and 5:[3 in (2.37), the Wald statistic for the psycholinguisticsIru)-
pothesis (2.38) equals 85 and compared to a chi-square distribution with: 2
(the number of rows i) has ap-value< .01.

F-Tests

For models wher@ is estimated, there is extra variability due to the estiorati
of @ that needs to be taken into account. For a single paramedeteatingH, :
B1 = By, the test statistic is still (2.34); however, the samplimgfrebution of it is
Student's-distribution withv = N — Q. Alternatively, rather than using Studertt’s
we could square the test statistic (i.e., compute (2.35)xampare the result to an
F-distribution withv; = 1 andvo, = N - Q.

As an example, consider the social segregation in the classexample where
a normal linear regression model was fit to the data. Supagere wish to test
whether the interaction between a multicultural classr@om ethnicity is signifi-
cant,Ho : Bs = 0. The test statistic equalsl327/0.05936= 2.24 that compared to
at-distribution withv = 302— 7 = 295 has g-value=.03.

Sets and linear combinations of parameters can be simoliiahetested using
anF-test. To test the hypothesis thés : C(B — B*) = 0, the test statistic equals the
Wald statistic in (2.37) divided by the degrees of freedontle test (i.e., by the
number of rows irC); that is,

SV al e/ —1, *
- _ Wald_ (B—B')C/(CEC)'C(B-B) (2.39)
Q Q

As an example, consider the social segregation in the dassexample and we
want to test the hypothesis that there is no interaction éetvethnicity and racial
distribution; that isH, : 85 = Bs = 0. To perform the test, first define the matrix of
linear combinations for the test,

c_ (0000010
~\ooo00001)"

Since we are testing two parameters, the ma@ikas two rows. Since there are
a total of seven parameters (i.8.= (Bo, B1, B2, B3, B4, Bs, Bs)’), the C matrix has
seven columns. An estimate Eﬁ is also required. From the output from fitting the
normal linear regression model to the data, the followirtgreste of the covariance
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matrix was obtained:

0.00221-0.00202—-0.00021—-0.00010 000075—0.00064—0.00021
—0.00202 000466 000006 000015 000004 000063 000003

R —0.00021 000006 000134—0.00020—0.0004 0Q00077—0.00003
2= | —0.00010 000015—0.00020 000143 000003 000022 48E -6
0.00075 000004—0.00037 000003 000344 —0.0007 Q00020
—0.00064 000063 000077 000022—0.0007 Q00352 000004
—0.00021 000003—-0.00003 48E—6 0.00019 000004 000143

Using C, f3 and fﬁ in (2.39), we obtain afr = 6.64 that compared to afp 295
distribution has g-value< .01.

Likelihood Ratio Tests

Likelihood ratio (LR) statistics can be used to test the skimés of hypotheses
as Wald and~ statistics. The latter use information at the maximum of ltke-
lihood; whereas, LR statistics are based on the value ofikké&hood at the null
hypothesis and at the maximum of the likelihood. As a refdtltR statistics are
more powerful.

A LR test involves placing restrictions on parameters of alehoThe model
without restrictions is the “full model” and the model witbstrictions on parameters
is the “nested” model. The nested model must be a specialafake full model.
Restrictions include settings some regression coeffigieqtial to zero or placing
equality restrictions on them. Although the former is thestnmommon (i.e.Ho :

B = 0), the later are particularly useful for categorical potali variables.

Suppose that we wish to test the hypothesis@idk Q) regression coefficients
equal 0. To compute an LR statistic for this test requiresrtagimum of the like-
lihood function for the full model that includes th@* effects in which case the
corresponding3 are estimated, and the maximum of the likelihood for a nested
model that excludes th@* effects which sets thg of interest equal to 0. The LR
statistic equals

LR = —2(In(L(Mo)) — In(L(My1))), (2.40)

where t(Mp) is the maximum of the likelihood for the nested model &M, ) is
the maximum of the likelihood of the full model. If the null pgthesis is true, then
both likelihood are similar in value such thaR statistics close to QR. If the null
if false, then the nested model will have a larger value ofitedihood and theLR
statistic will be larger. When the null hypothesis is tries sampling distribution of
anLR statistic is chi-square with degrees of freedemqual toQ*.

Reuvisiting the cool-kid example, we re-test hypothesisgender and popular-
ity for the logit model; namelyH, : B, = B3 = 0. The In likelihood for the full
model is reported in Table 2.5 (i.e.,(likelihood) = —450.1081). For the null
model, dropping the effects gender and popularity from tgtImodel yields
In(likelihood) = —4655907 The test statistic equals
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LR = —2(—4655907— (—450108])) =30.97

and compared tqzz has ap-value< .01. Note that the equivalent Wald test statistic
for this hypothesis was 286. The Wald is smaller because the LR is more powerful.

2.6.2 Confidence Intervals

Interval estimates of parameters provide information réiga the precision of esti-
mates by giving a range of plausible values for parametetlseatimated means
(function of parameters). Confidence intervals for paramsebf GLMs are pre-
sented followed by confidence bands for estimated meanssanessed.

Confidence Intervals for Parameter Estimates

Confidence intervals can be placed on parameters and limeetiéns of param-
eters. The method presented for confidence intervals fonsmean be adapted to
provide confidence intervals for linear functions of partene In this section, the
focus is on confidence intervals for parameters. The methioifming confidence
intervals relies on the fact that maximum likelihood paréenestimates follow a
normal distribution (i.e.3q ~ N(Bq, var(B)).

For models where is known such as the Poisson where- 1 or the binonmial
where@ = 1/n, a(1— a)100% confidence interval fg is

B+ 24 2ASE, (2.41)

wherez, ) is the(1— a /2)th percentile of the standard normal distributibit, 1).
In the cool-kid example, a 95% confidence interval for theydanty, B33 is

0.7856:+ 1.960(0.1667) — (0.49,1.11). (2.42)

When a link function other than the identity is used, a tramsftion of the
end points of (2.42) is often more useful. In our logisticresgion, a more useful
confidence interval is one for the odds ratio. Since oddesatijual ex(3s), taking
the exponential of the end points of a confidence interva3foyields an interval
for the odds ratio. In our psycholinguistics example, th&®nfidence interval for
the odds ratio for the interaction (exp(0.49),exp(1.11)) — (1.58,3.04).

For models where is estimated such as the normal, inverse Gaussian or gamma
distribution, a(1 — a)100% confidence interval fg8; can be formed as in (2.41)
except that instead of using a value from the standard natisiibution, the(1 —
a/2)th percentile of the-distribution withv = N —Q (i.e., v = Sample size-
Number of parameters)should be used. Specifically,

Bq %ty 975ASE;. (2.43)
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For example, in the social segregation example in Secti8rl 2vhere a nor-
mal linear regression was fit to data, a 95% confidence intésvahe interaction
parameter between ethnicity and a multicultural classiggys

0.1327+1.968(0.05936 — (0.02,0.25), (2.44)

Whereﬁﬁ = 0.1327,t = 1.968 is the 97%5th percentile ot-distribution withv =
302—7=295. and 05936 is the estimated standard errofgf

Confidence Bands for Predicted Means

In normal linear regression it is common to place confiderac®ls on regression
lines (i.e., for BY;)). The same can be done for any GLM.

Putting confidence bands or({E) use two facts: (a) estimated regression coef-
ficients follow a multivariate normal distribution as s@ie (2.33), and (b) linear
combinations of normally distributed random variablestheenselves normally dis-
tributed random variables. The implication of these twddgas that

A, =%B~N(nio2). (2.45)

wherex| = (1,x4,...,Xgi) is theith row from the design matrix, arﬁ/ = (ﬁo, [§1,
..., Bo). To make use of (2.45), an estimatea;ﬁ is needed.
Once a GLM is fit to data, an estimate of the covariance mafrikefs, 5:[3 is

available. Using facts about linear combinations of randaniables (in this case
the Bs), the estimated variance gf o?i equals

62 = %ii'ﬁm. (2.46)
For models where is known, a(1 — a)100% confidence interval fay; is

Ai % 24 /26, (2.47)
Wheng is estimated, &1 — a) x 100% confidence interval fay; is

Ni £ty 4/203;, (2.48)

wheret is from Students-distribution withv = N — Q.

Given the confidence interval fay, the confidence interval for (& %) = yi is
found by applying in inverse of the link function to the endri®f the confidence
interval for n. Specifically, for models where is known, the confidence interval
for E(¥i|%) is

O (i — 20205 ), 9 (i +Za/203,) (2.49)
For the case wheaq is estimatedz, ; is replace by, 4.
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As an example, consider the cool-kid example where a logdeheas fit to the
data. The model parameters are reported in Table 2.5, arldsh&vo columns of
Table 2.4 contain 95% confidence intervals for the probigtiti of an ideal student
being nominated as cool. As an example, we find the confidenerval for a white
boys with low popularityrg by first computing the linear predictor. In this case,
x=(1,0,1,0), B = (0.14030.7856 —0.4859 —1.4492/, and

Az = x’[§ =0.1403— 0.4859= —0.3456 (2.50)
The estimated variance fgg equals

0.01952 -0.01078-0.01161 -0.01194/ 1
-0.01078 0.02778 -0.00116 0.00223 O
-0.01161 -0.00116 0.02691 0.002 1
-0.01194 0.00223 0.00246 0.028p5\ 0

65, = (1,0,1,0)

= 0.0232

and the standard error fap is 6%2 =+/0.0232= 0.1523. The 95% confidence
interval forn, is

—0.3456+ 1.96(0.1523 — (—0.6442 —0.0470), (2.51)

and the 95% confidence band fr is found by using the inverse transformation of
the logit on the end points:

exp(—0.6442  exp(—0.0470)
(1+ ex—0.6442 1T+ exp—0.0470) (034049 (252)

In our cool-kid example, all 8 observed proportions fallhirit their 95% con-
fidence bands (see Table 2.4). Since all of the proportiomsvatl fit by the logit
model and our global goodness-of-fit test statistics wetesigmificant, it is tempt-
ing to conclude that the logit model is a good model for thel-kid data; however,
all of these statistical tests and confidence statementsidocool-kid data are not
valid. The assumption of independent observations red finethese tests and con-
fidence statements has clearly been violated (i.e., stadested within peer groups
within classrooms).

2.7 Summary

The GLM framework allows us to separate the decisions régattw the response
variable is distributed, what predictor variables shoudditicluded, and how the
mean of the response is related to the linear function of thdiptors. The decou-
pling of these decisions enables researchers to bettarreape nature of the rela-
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tionship between the response and predictor variables @ffaient manner. These
three decisions are apparent by writing a GLMs in terms oftihee components.

All generalized linear models are of the form:

y; ~ f(ylmi, @)
g(ti) = ni
ni = Zﬁqxiq = B/Xia
q

wheref (y|ui, @) is the distribution function for the response varialge) is
the link function,n; is the linear predictoiBy are regression coefficient, and
Xiq are values of the predictor variables.

A summary of members of common distributions that are speeises of the
natural exponential family are given in Table A.1 along witile type and range of
response values, the canonical link functions and otherimétion for each special
case.

The examples used in this chapter illustrated the consruof GLMs for dif-
ferent types of data; however, the GLMs did not incorporiagertested structure of
the data. The models lacked the ability to deal with depenaleservations. This is
remedied in the remainder of this text.

Problems & Exercises

These need to be fixed up, but they give a general idea of wkatw@shave. These
exercises can run through the book. More will be added.

2.1.Give examples of response variables whose distributiorhiig best repre-
sented by the following distributions: (a) normal, (b) gaamft) inverse Gaussian,
(d) beta, (e) binomial, and (f) Poisson.

2.2.Fit linear regression model to Allen data ignoring the faetttthere eight level
2 units GTILL NEED TO GETNICOLE’S DATA)

2.3.Use the bully data set from Espelage et al. (2003) and fit alinegression
model to the data where empathy scores are the responseéleaaiad the bully
scale score, the fight scale score, and gender are possiiiésmatory variables.

2.4.The study by Rodkin et al. (2007) of racial segregation issiaoms included
three other measures of segregation based on sociomedticldes other measures
were based on responses children made to questions aboyidgbe groups, who
the like, and who they like the least. Fit linear regressiardais to the measures
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of segregation based on peer group affiliation using the gaptictor variables as
used in Section 2.3.1.

2.5.Use the racial segregation data and do prob?&rexcept use as the response
the sociometric measure based on who children like the most.

2.6.Use the racial segregation data and do prob?&rexcept use as the response
the sociometric measure based on children that a chilkdssli

2.7.A data set that is skewed....Perhaps some of Nicole's datéoorestic vio-
lence from NIJ tech report.once we have them written up for publication which is
probably end of summer/early fall

2.8.A dichotomous response variable—use linear, logit & prdibk and com-
pareCould use bully data and dichotomize fight scale score int/fig fight

2.9.The data from this problem comes from a study by Rodkin et28106) with
N = 526 fourth to sixth graders who were nominated as being arttentroolest”
kids in their class. The response variable is whether a téigyjlis nominated as
“cool.” The possible explanatory variables the child'sedcace= 1 of student is
African American and 0 Caucasian), standard score for opylof the nomina-
tor(pop), child’s peer group gendegénder = 1 for boy group, O for girl group),
and the location of the studgi t e= 1 mid-west, O south).

a Fitlinear probablity, logit and probit models to the data.
b Which do you think is the best. Why?
¢ Interpret the results of you favorite model.

2.10.Rather than using logit and probit models for the cool-kithda Table 2.4,
use Poisson regression to model the number of ideal kidsmaded at cool.

a Fit a models with main effects and two-way interactions.

b Which model fit in part [a] is the same as the logit model givethe text? Show
the relationship between the logit model and the Poissoressgpn model that
are equivalent.

b Fit a model with all main effect, two-way interactions antheee-way interac-
tion. What do you notice? Explain.



Appendix A
The Natural Exponential Dispersion Family of
Distributions

Different author’s use slightly different notation for regenting the natural expo-
nential family. Our notation basically follows McCullagh@Nelder (1989) and we
consider the two parameter version or the natural expoalatipersion family.

To introduce the exponential family, we will start with trenfiliar normal distri-
bution, and put it into the basic or canonical form of the natexponential distri-
bution. The normal distribution function is

1 —(y—p)?
. 2y _
Wik, 0%) = Grgairz eXp[ 202 |
(A1)
wherey is the response variablg,is the mean, and? is the variance. Taking the

In and exp of the first term on the right-hand side of equafobland multiplying
the squared term yields,

f(y;u,0%) = exp n ((27102)*1/2) + Zw—zfuzz—yz]
— exp W‘_T’;z/z + (in((2m0?)2/2) - yz/(ZUZ))}
10:6.0) = exp| 2= iy, (A2)

whereb( ) andc( ) are functions. Sometimes, a weight parameterincluded such
that rather thaip, the dispersion ig/w.
For the normal distribution these functions are defined as

0=u
b(6) = ?/2
c(y.9) = In((2110%)Y/2) - y?/(20?).

85
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The parameteé is thecanonical or natural parameteand it is a function of the
mean. In the case of the normal distributiéns= u, and for the Poisson distribution
6 = exp(u). The functionc(y, @) is a normalization term that ensures that probabil-
ities sum to one. The functian(0) is known as the cumulant function. The mean
and variance of the distribution can be obtained from thedinsl second derivatives
of the likelihood with respect t6. This is shown shown below.

In some cases the dispersion parameteray be weighted. As an example, con-
sider the normal distribution wherg = o?. If instead of single observations, we
consider a sampling distribution of means of sitavhere observations are from
the normal distribution with meam and variance?, theng = g2/n. Alternatively,
consider the binomial distributiog = 1/n, the number of trials.

As a second example of canonical form of the natural expaadamily, con-
sider the Poisson distribution. By taking the exponential pgarithm, we obtain

Ye—H
Py:p) = © Ji

~ooln ()

= explyIn(u) — p—In(y!)].

This last line has the same form as the canonical form of tip@mential family
givenin (A.2), where

6 = In(u)
p=1
b(6) = exp(In(u)) = exp(6)
c(y,@) = —In(y!).

Given the canonical form of a member of the exponential fanttile canonical
link function is the function ofu that yields thef. For example, with the Poisson
distribution, the canonical link is the In, becauséunh= 6. The canonical link of
the normal distribution is the identity, where the mean mniital to the natural
parameters (i.elt = 6.). Furthermore, canonical links are those such that n
in the GLM. In a GLM with a canonical link, there exist suffintestatistics for
regression parameters (i.e., {Bis).

The specifications for the normal, Poisson and other comnsiritditions that
are members of the exponential dispersion family are gimefable A.1, includes
ones that will be covered later in the text.



Table A.1 Distributions in the natural exponential family coveredhis chapter or in later chapters along with their canorlioélfunctions.

Dispersion Cumulant Mean Variance Probability

Type of Range  Canonical parameter function E(y) =y function density or mass
Distribution Notation number  of link ® b(8) =b/(6) b’ (6)e f(y; 1, @)
Normal N(u,a?) real —ow <y<o Identity o? 62/2 ] o? (2.1)
Gamma Gamma, @) real o<y Inverse [0} —In(-06) -1/6 u’e (2.2)
Inverse Gaussian  IGaugs @)  real o<y 1/u? ® —(—20)2  (-20)71? us (2.3)
Bernoulli Bernoullir)  binary Q1 Logit 1 In1+e?) e¥/(1+€%) u(d—p) (2.6)
Binomial Binomial7t,n) integer 0Q1,...n  Logit 1/n In(1+€%) €/(1+€) nu(dl-p) (2.8)
Poisson Poissqp)  integer  01,... Log 1 e? e? u (2.10)
Negative Binomial NegBin(p,r) integer  01,... Log [0}

T The parametrization as a member of the exponential family terms of probability of “failures” before therth “success”. For the parametrization

in terms ofy ande, u = (1— p)/(r~1p) andg = 1/r (Hilbe 2007).

@InquIsiq Jo Ajiureq uoisiadsiq fenusuodx3 [eineN syl v

.8
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A.0.1 Likelihood, Score & Information

The likelihood of the natural exponential family equalsZpexcept that we con-
sidery as given and and¢ as unknown. The logarithm of the likelihood is easier
to work, that is,

L(6.¢ly) = In((y;6.0))
L QO (A3)

To derive the mean and variance for the natural exponetnally, two standard
results from likelihood theory are used. The first is

EFH%gﬂ}_Q (A4)

wheredL (60, ¢ly)/d6 is known as the score or gradient and if often represented at

The second result is

9%L(0, gly) L8, 9ly)\*| _
E [T} +E (T) =0. (A.5)
The first partial derivative of (A.3) with respect €is
oL(B,@y) _y—b'(6)
70 = o (A.6)

To obtain the mean, (A.6) is used in (A.4) and the resultinga¢ign solved for E(y);

that is,
y-0@]
E[ ) } =0
E(y)=u = b'(6). (A7)

The second partial derivative of (A.3) equals

9°L(6,9ly) b'(6)
o = o (A.8)

The(Q x Q) matrix with elements equal to second partial derivativg®il) is the
Hessian matrix and often representedthdJsing (A.6) and (A.8) in (A.5) yields
an equation that can be solved for the variance; that is,

G



A The Natural Exponential Dispersion Family of Distribut® 89

(6)  vary)
ag) @

varly) = b (0)¢. (A.9)

Equation (A.9) is known as theariance function

An important property of the natural exponential familyhsit the variance de-
pends onB and hence on the mean, as well as@nOf all the member of the
family of natural exponential distribution the varianceétion for the normal dis-
tribution is the only one that does not depend on its meargussb' (6) = 1 so that
var(y) = o2.

The values forp, b/(8) andb”(8) are give in Table A.1 for various members of
the natural exponential family.

A.0.2 Estimation

The Newton-Raphson algorithm starts with some initialeates of the parameters,

B[O}, then iteratively up-dates the parameters until they deahahge. The up-dating
equationis
-1

gl — gl _ Rl All, (A.10)

Whereﬂ[”l] is the vector of up-dated parameteﬂt,] is the current estimate of

parametersH ' is the Hessian matrix computed using the current estimdtégeo
parameters, anal! is the gradient computed using the current estimates of the
parameters. The Hessian matrix provides an estimate ofavariance matrix for

the parameters; namel.!],i3 =—H






Appendix A
Index of Data Sets

Data Set Type of Response  Section/Problem

bul I y-nom nati ons count Sect. 2.3.4, Prob. 2.3

cool - ki ds dichotomous Prob. 2.9

Oydessy- of -t he- M nd continuous Sect. 2.3.2

par ent s-n- ki ds continuous

psychol i ngui stics dichotomous Sect. 2.3.3, Prob. 2.10

Raci al - Segregati on continuous Sect. 2.3.1 Prob. 2.4, Prob. 2.5,
Prob. 2.6
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