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Outline

In this set of notes:

:
- aadiional References 2 0. | @ R@View and Some Uses & Examples.

Review of Logistic Regression m Interpretlng |Og|St|C regreSS|On mOdeIS

Interpreting logistic regression

models = [nference for logistic regression.
Inference for logistic regression ] M Odel CheCkl n g .
s e = The Tale of the Titanic

Goodness-of-fit tests

Fit Model then Group

Group Daia hen FIt Mode. Next set of notes will cover:

Hosmer-Lemeshow

Likelinood-Ratio Comparison = | ogit models for qualitative explanatory variables.

Tests

predictive Power = Multiple logistic regression.

Residuels = Sample size & power.

infuence (Logit models for ordinal (polytomous) responses covered
The Tale of the Titanic | ate r)
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Additional References & Data

Overivew

e Additional References & Data

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

The Tale of the Titanic

= Collett, D. (1991). Analysis of Binary Data.

= Hosmer, D.W., & Lemeshow, S. (1989). Applied Logistic
Regression.

= McCullagh, P, & Nelder, J.A., (1989). Generalized Linear Models,
2nd Edition.

= SAS Institute (1995). Logistic Regression Examples Using the SAS
System, Version 6.

Example data sets from SAS book are available via
= Anonymous ftpto ft p. sas. com

= \World wide web — htt p: // www. sas. com

ILogistic Regression for Dichotomous Responses

Slide 3 of 115



Review of Logistic Regression

Overivew

Review of Logistic Regression

e Review of Logistic Regression
e Some Uses of Logistic
Regression

e (1) Example: Risk Factors

e (2) Descriptive Discriminate
Analysis

e (3) Adjust for “bias”

e (4) Predict Probabilities

e (5) Classify Individuals & (6)
Discrete Choice

e (6) Discrete Choice

(continued)

e (7) Social Network Analysis
e (7) Social Network Analysis
e (8) Pseudo-likelihood
Estimation

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

The logistic regression model is a generalized linear model with
= Random component: The response variable is binary . Y; =1

or 0 (an event occurs or it doesn’t).
We are interesting in probability that Y; = 1, w(x;).
The distribution of Y; is Binomial.

= Systematic component: A linear predictor such as

a+ Pr1xy + ...+ Bz

The explanatory or predictor variables may be quantitative
(continuous), qualitative (discrete), or both (mixed).

= Link Function: The log of the odds that an event occurs,
otherwise known as the logit:
/A
l—m

logit(7) = log (
Putting this all together, the logistic regression model is

logit(r(z;)) = log (1 ir(:ziz)

>:@+31$1z‘+---+5g‘%‘z‘

Hosmer-Lemeshow
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Some Uses of Logistic Regression

Overivew To model the probabilities of certain conditions or states as a
review of Logisic Resression |- fyNCtion of some explanatory variables.

e Review of Logistic Regression
e Some Uses of Logistic
Regression

« (1) Example: Risk Factors To identify “Risk” factors for certain conditions (e.g., divorce,

e (2) Descriptive Discriminate . .
Anclysis well adjusted, disease, etc.).
e (3) Adjust for “bias”

o (4) Predict Probabilities

e o @ Diabetes Example (I got these data from SAS Logistic Regression

Discrete Choice
e (6) Discrete Choice

(continued) Examples who got it from Friendly (1991) who got it from Reaven
e (7) Social Network Analysis & Mlller, 1979).

e (7) Social Network Analysis
e (8) Pseudo-likelihood
Estimation

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow
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(1) Example: Risk Factors

Overivew In a study of the relationship between various blood chemistry
review ot Logisic Regresson_ | ie@asures and diabetic status, data were collected from 145

e Review of Logistic Regression

« Some Uses of Logisti nonobese adults who were diagnosed as

Regression
e (1) Example: Risk Factors

- @ peseriptve Diserimnate |- R@gpoONse categories: Subclinical diabetics, Overt diabetics, or

Analysis

o (3) Adjust for “bias” Normal

e (4) Predict Probabilities
e (5) Classify Individuals & (6)

Discrete Choice The possible explanatory variables:

e (6) Discrete Choice

(continuec) = Relative weight (person’s weight/expected weight given

e (7) Social Network Analysis

e (7) Social Network Analysis helg ht) .
e (8) Pseudo-likelihood
s Fasting plasma glucose.
Test plasma glucose intolerence.

Interpreting logistic regression
models

Inference for logistic regression

Plasma insulin during test (measure of insulin response to

Model checking.

oral glucose).

Goodness-of-fit tests

Steady state glucose (measure of insulin resistance).

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow
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(2) Descriptive Discriminate Analysis

Overivew

Review of Logistic Regression

e Review of Logistic Regression
e Some Uses of Logistic
Regression

e (1) Example: Risk Factors

e (2) Descriptive Discriminate
Analysis

e (3) Adjust for “bias”

e (4) Predict Probabilities

e (5) Classify Individuals & (6)
Discrete Choice

e (6) Discrete Choice

(continued)

e (7) Social Network Analysis
e (7) Social Network Analysis
e (8) Pseudo-likelihood
Estimation

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

To describe differences between individuals from separate
groups as a function of some explanatory variables —
a descriptive discriminate analysis.

High School and Beyond data: The response variable is
whether a student attended an academic program or a
non-academic program (i.e., general or vocational/techincal).

Possible explanatory variables include
= Achievement test scores (“continuous”) — reading, writing,
math, science, and/or civics.

= Desired occupation (discrete—nominal) — 17 of them.
= Socio-Economic status (discrete—ordinal) — low, middle,
high.

Goal/Purpose: Describe differences between those who
attended academic versus non-academic programs.

Hosmer-Lemeshow
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(3) Adjust for “bias”

Overivew

Review of Logistic Regression

e Review of Logistic Regression
e Some Uses of Logistic
Regression

e (1) Example: Risk Factors

e (2) Descriptive Discriminate
Analysis

e (3) Adjust for “bias”

e (4) Predict Probabilities

e (5) Classify Individuals & (6)

Discrete Choice
e (6) Discrete Choice

(continued)

e (7) Social Network Analysis
e (7) Social Network Analysis
e (8) Pseudo-likelihood
Estimation

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

To Adjust for “bias” in comparing 2 groups in observational
studies (Rosenbaum & Rubin, 1983)

“Propensity” = Prob(one group given explanatory variables)

Hosmer-Lemeshow
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(4) Predict Probabillities

Overivew

Review of Logistic Regression

e (1) Example: Risk Factors
e (2) Descriptive Discriminate
Analysis

e (3) Adjust for “bias”

e (4) Predict Probabilities

e (5) Classify Individuals & (6)
Discrete Choice

e (6) Discrete Choice

(continued)

e (7) Social Network Analysis
e (7) Social Network Analysis
e (8) Pseudo-likelihood
Estimation

Interpreting logistic regression
models

e Review of Logistic Regression

e Some Uses of Logistic
Regression

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

To predict probabilities that individuals fall into one of 2
categories on a dichotomous response variable as a function
of some set of explanatory variables.

This covers lots of studies (from epidemiological to educational
measurement).

Example: ESR Data from Collett (1991).

A healthy individual should have an erythrocyte sedimentation
rate (ESR) less than 20 mm/hour. The value of ESR isn’t that
Important, so the response variable is just

1 IfESR < 20 or healthy

Y, = .
0 IfESR > 20 orunhealthy

The possible explanatory variables were

= | evel of plasma fibrinogen (gm/liter).
= | evel of gamma-globulin (gm/liter).

Hosmer-Lemeshow
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(5) Classify Individuals & (6) Discrete Choice

Overivew

Review of Logistic Regression

e Review of Logistic Regression
e Some Uses of Logistic
Regression

e (1) Example: Risk Factors

e (2) Descriptive Discriminate
Analysis

e (3) Adjust for “bias”

e (4) Predict Probabilities

e (5) Classify Individuals & (6)
Discrete Choice

e (6) Discrete Choice

(continued)

e (7) Social Network Analysis
e (7) Social Network Analysis
e (8) Pseudo-likelihood
Estimation

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

To classify individuals into one of 2 categories on the basis of
the explanatory variables.

Effron (1975), Press & Wilson (1978), and Amemiy & Powell
(1980) compared logistic regression to discriminant analysis
(which assumes the explanatory variables are multivariate
normal at each level of the response variable).

To analyze responses from discrete choice studies (estimate
choice probabilities).

From SAS Logitistic Regression Examples (hypothetical).

Chocolate Candy: 10 subjects presented 8 different chocolates
choose which one of the 8 is the one that they like the best.
The 8 chocolates consisted of 22 combinations of

= Type of chocloate (milk or dark).
= Center (hard or soft).

= \Whether is had nuts or not.
The response is which chocolate most preferred.

Hosmer-Lemeshow
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(6) Discrete Choice (continued)

The different names for this particular logit model are

Overivew

= The multinomial logit model.
Review of Logistic Regression

e Review of Logistic Regression ] M C Fad d e n ’S m Od el ]

e Some Uses of Logistic
Te(?_;eESj:n:pm; Risk Factors u Conditional |Ogit mOdeI-
e (2) Descriptive Discriminate
Analysis . . .
S0 Akt 0r i’ This model is related to Bradley-Terry-Luce choice model.
- (© oty st & 0
Discrete Choice

e (6) Discrete Choice Th'S mOdel |S used

(continued)
e (7) Social Network Analysis

- msecalneworcnasis | @ TQ gnalyze choice data and use characteristics of the objects

e (8) Pseudo-likelihood

Estmation or attributes of the subject as predictors of choice behavior.
Interpreting logistic regression . . .
nodes = In marketing research to predict consumer behavior.

Inference for logistic regression - AS an alterna‘tlve to CO”JOlnt analyS|S.

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow
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(7) Social Network Analysis

Overivew

Review of Logistic Regression

e Review of Logistic Regression
e Some Uses of Logistic
Regression

e (1) Example: Risk Factors

e (2) Descriptive Discriminate
Analysis

e (4) Predict Probabilities

e (5) Classify Individuals & (6)

Discrete Choice
e (6) Discrete Choice

(continued)

e (7) Social Network Analysis
e (7) Social Network Analysis
e (8) Pseudo-likelihood
Estimation

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

= Data often consist of individuals (people, organizations,

countries, etc.) within a group or network upon which
relations are recorded (e.g., is friends with, talks to, does
business with, trades, etc).

The relations can be
0 Undirected (e.g., is biologically related to)
0 Directed (e.g., asks advise from, gives money to)

Example: Data from Parker & Asher (1993). Children in 35
different classes were asked who they were friends with (in
the class). Other measures were also taken, including
gender, race, a loneliness or “connectedness” measure, and
others.

This sort of data is often organized in a “sociomatrix”, which
consists of a matrix of binary random variables:

1 ifz chooses )

Xz’j = )
0 otherwise

Hosmer-Lemeshow
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(7) Social Network Analysis

Overivew = Problem: A family of models used to analyze such data is
Rt of Lot Refesson (Poisson) log-linear (Wasserman & Faust 1995); however,
- soms Ussof o _the_sg models make the gssumption that the pairs of

¢ e sk s |nd|_V|dua_1I_s _(“dyads”) are independent, which has been the
Analysi major criticism of these models.

o (3) Adjust for “bias”
o (4) Predict Probabilities

e oo e c® 1w Solution: Logit/Logistic regression where you model the

Discrete Choice

oy odds of a the existance of a relation between two actors

O e N e conditioning upon the present/absence of ties between

° (6) Peudo-fielhood actors in the rest of the network (see Wasserman & Pattison,
Interpreting logistic regression 1996; Anderson, Wasserman & Crouch, 1999)

models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow
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(8) Pseudo-likelinood Estimation

Overivew = A lot of models in the log-linear type models have estimation
Review of Logistic Regression p ro bl e m S

e Review of Logistic Regression
e Some Uses of Logistic
Reglession e.g. My research on log-multiplicative models.
e (1) Example: Risk Factors

e (2) Descriptive Discriminate
o At for i = Can use maximize pseudo-likelihood by maximum likelihood

o (4) Predict Probabilities

estimation of an appropriate logistic regression model.
Discrete Choice

e (6) Discrete Choice
(continued)
e (7) Social Network Analysis

- mseclnework nalsis |- (Q) There are others! (e.g., DIF using rest-scores, survival

e (8) Pseudo-likelihood

Estimation an alys | S)

Interpreting logistic regression
models

Inference for logistic regression For m O re See

Model checking.

David Strauss. (1997?). The many faces of logistic regression
American Statistician.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow
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Interpreting logistic regression models

The model
logit(7(z)) = logitr () = a + Bz

Overivew

or alternatively in terms of 7(x)

Review of Logistic Regression

Interpreting logistic regression T (:E) _ eXp{& + BCB}

__e Example Continued

roT](I)r(1jtee||'Spreting logistic B 1 —|_ eXp{a —|_ BZC}
regression models

° ?—|SB Example

e HSB: Observed and Fitted . . . . . . . .
« Where. . In considering the various interpretations of logistic regression,
e How to Get these in SAS y R
secaneenss | we'll use the High School and Beyond data (for now).
e Interpreting 3

e Figure: Interpreting 3

e Different a’s The Varlab|eS

e Different «'s & Different 3’s . .

" Linear Aporodmaton = Response: Y; = 1 if the student attended an academic program,
Interpretation - .

* Linear Approximation and 0 if the student attended a non-academic program.

Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70

m Explanatory: x; = student’s mean of five achievement test scores:
mororaatn " reading, writing, math, science, and civics.

e Linear Approximation at
x=51.53
e Odds Ratio Interpretation

Each test on a T—score scale (i.e., mean = 50, and standard
e HSB: odds ratio interpretation . :
o:ar?dom Epr;nat(t)rypvatri;ble deVIatIOH — 10)

& Fixed Response

e A Special Case
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HSB Example

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

e Interpreting logistic
regression models

e HSB Example

e HSB: Observed and Fitted

e Where...

e How to Get these in SAS

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different o’s

e Different o¢’s & Different (3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

__e Example Continued

HSB Example: The simplest model, the linear probability
model (i.e., link= identity, and distribution is Binomial).

Problems:
= \We get some negative fitted values and some greater than 1.

= The rate of change in the probability of attending an
academic program is not constant across possible values of
the mean Achievement T—scores.

Logistic regression (i.e., logit link and Binomial distribution).
The estimated model
logit(#;) = logits; = &+ B
= —7.0548 4+ .1369x;

(0]
Note: ASE for & equals .6948 and ASE for 3 equals .0133.

e A Special Case

IkRgisticcReBI6gRe0 fogleisdistpmous Responses
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HSB: Observed and Fitted

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

e Interpreting logistic
regression models

e HSB Example

e HSB: Observed and Fitted

e Where...

e How to Get these in SAS

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different o’s

e Different o¢’s & Different (3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

__e Example Continued

to help see how well this model does, the mean scores were

grouped into 11 categories (a lot fewer than the 531 unigue
math scores). 4 attend

Group

acad

# cases

Observed

proportion

Predicted Prob

Sum Equation

Predicted

#acad

x < 40

40 > xz < 45
45 > x < 47
47 > x < 49
49 > x < 51
51 > x < 53
53 > x < HH
55 > x < 57
57 > x < 60
60 > = < 65
65 > x

8
18
14
17
18
22
34
23
35
56
26

46
87
44
43
50
50
58
44
68
/8
32

17
.20
31
.39
.36
44
.58
.52
51
71
81

12
19
27
.36
40
49
49
.56
.58
75
.80

13
23
.32
.38
45
.52
.58
.65
A2
.82
.89

5.64
16.75
12.82
15.46
20.00
24.98
28.52
24.70
39.52
58.62
25.68

e A Special Case

IkRgisticcReBI6gRe0 fogleisdistpmous Responses
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Where. ..

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

e Interpreting logistic
regression models

e HSB Example

e HSB: Observed and Fitted

e Where...

e How to Get these in SAS

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different o’s

e Different o¢’s & Different (3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

__e Example Continued

where

= “Predicted # academic” = ) . 7(z;), where the sum is over
those values of ¢ that correspond to observations with x;
within each of math score categories.

= “Predicted probability— Sum” = > #(z;)/(# cases).
= “Predicted probability— Equation”

= exp(—7.0548+4.1369(achieve;))/(1+exp(—7.0548+.1369(achieve;)))

e A Special Case

IkRgisticcReBI6gRe0 fogleisdistpmous Responses Slide 18 of 115




How to Get these In SAS

Create grouping variable:

data groupl;

Overivew

set preds;

Review of Logistic Regression

o If achieve<40 then grp=1,;
Interpreting logistic regression

__e Example Continued

motlels else if achieve>=40 and achieve<45 then grp=2;

e Interpreting logistic
regression models

« HSE Example else if achieve>=45 and achieve<47 then grp=3;
T e else if achieve>=47 and achieve<49 then grp=4;
Lhmocaneense | €lse if achieve>=49 and achieve<51 then grp=5;
Fenre mameing 0 else if achieve>=51 and achieve<53 then grp=6;

o Different o’s . . .
- oirerent s amiferent 35| €1S€ 1f achieve>=53 and achieve<55 then grp=7;

e Linear Approximation

Interpretation else if achieve>=55 and achieve<57 then grp=8;
e Linear Approximation
Interpretation else |f aCh|eve>:57 and aCh|eve<6O then grng,

e Linear Approximation at x=70

» Lnear Approximation =70 | @]se if achieve >=60 and achieve<65 then grp=10;

e Linear Approximation

Interpretation 1 1 .
e rooximation at else if achieve>=65 then grp=11;
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable

& Fixed Response

e A Special Case

IkRgisticcReBI6gRe0 fogleisdistpmous Responses Slide 19 of 115




How to Get these In SAS

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

e Interpreting logistic
regression models

e HSB Example

e HSB: Observed and Fitted

e Where...

e How to Get these in SAS

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different c’s

e Different o¢’s & Different 3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

__e Example Continued

= Sort the data by grp:

proc sort data=groupl,;
by grp;
= Compute the sums:
proc means data=groupl sum;
by grp;
var academic count fitted;
output out=grpfit sum=num_aca num_cases fit2;

= One more data step:
data done;
set grpfit;
p=num_aca/num_cases;
pp = fit2/num_cases;
run:;

= And run;

e A Special Case

IkRgisticcReBI6gRe0 fogleisdistpmous Responses
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Interpreting (

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

e Interpreting logistic
regression models

e HSB Example

e HSB: Observed and Fitted

e Where...

e How to Get these in SAS

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different c’s

e Different o¢’s & Different 3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

__e Example Continued

Recall that 3 determines the rate of change of the curve of 7(x)

(plotted with values of x along the horizontal axis) such that

then the curve increases with =z
then the curve decreases with =«
then curve is flat (horizontal)

|f 5> 0,
|f £ <0,
|f 5 =0,

To see how the curve changes as 3 changes:

Curve on the left:
Curve on the right:

logit(m(z)) = —7.0548 + .2000
logit(m(z)) = —7.0548 + .1369z

e A Special Case

IkRgisticcReBI6gRe0 fogleisdistpmous Responses
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Figure: Interpreting [

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

e Interpreting logistic
regression models

e HSB Example

e HSB: Observed and Fitted

e Where...

e How to Get these in SAS

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different c’s

e Different o¢’s & Different 3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

e Example Continued

pPi()

—pi=exp(—7.0548 + .18369*x)/(1+ exp(—7.0548 + .1369*x))
—pi=exp(—7.0548 + .2000%x)/(1+ exp(—7.0548 + .2000%*x))

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.01

30

X {mean achievement scores)

e A Special Case

IkRgisticcReBI6gRe0 fogleisdistpmous Responses
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Different o’s

—pi=exp(—7.0548 + .18369*x)/(1+ exp(—7.0548 + .1369*x))

Overivew

1.0

Interpreting logistic regression )
models ]
e Interpreting logistic 08

regression models

0.7

e HSB: Observed and Fitted

e Where. .. 0.6

Review of Logistic Regression

e How to Get these in SAS *‘;‘<“~

e How to Get these in SAS — 05 1

e Interpreting 3 O

e Figure: Interpreting 3 04

o Different c’s
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Interpretation

e Linear Approximation 02 1

Interpretation

e Linear Approximation at x=70 O 1 ]

e Linear Approximation at x=70

oLinearApproximation O-0||||||
Interpretation

e Linear Approximation at 30 40 50 60 70 80
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation X (mean aChIevement ScorES)

e Random Explanatory variable
& Fixed Response
e Example Continued

e A Special Case
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Different o’s & Different j3’s

—pi=exp(—7.0548 + .18369*x)/(1+ exp(—7.0548 + .1369*x))
—pi=exp(—7.0548 + .2000%x)/(1+ exp(—7.0548 + .2000%*x))

Overivew

Review of Logistic Regression 1 0

Interpreting logistic regression

models O . 9 ]

e Interpreting logistic

regression models O 8 1
e HSB Example

e HSB: Observed and Fitted 0.7 1
e Where...
e How to Get these in SAS 06

e How to Get these in SAS
e Interpreting 3

Pi(x)

0.5]
e Figure: Interpreting 3
o Different c’s 04

e Different o¢’s & Different 3’s

e Linear Approximation 03 |

Interpretation

e Linear Approximation 02 ]

Interpretation

e Linear Approximation at x=70 O 1 1

e Linear Approximation at x=70

e Linear Approximation 0.0 e — —,— —,— —,— —,— :
Interpretation

e Linear Approximation at 30 40 50 60 70 80
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation X (mean aChIevement ScorES)

e Random Explanatory variable
& Fixed Response
e Example Continued

e A Special Case
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Linear Approximation Interpretation
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Review of Logistic Regression

Interpreting logistic regression
models

e Interpreting logistic
regression models

e HSB: Observed and Fitted
e Where...

e How to Get these in SAS

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different c’s

e Different o¢’s & Different 3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

e Example Continued

To illustrate this, we’ll use the model estimated for the High
School and Beyond Data,

exp{—7.0548 + .1369z;}
1 + exp{—7.0548 + .1369z; }

T(w;) =

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0 ——m——— ———————— S

pi(x)

x (mean achievement scores)

e A Special Case
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Linear Approximation Interpretation
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Interpreting logistic regression
models

e Interpreting logistic
regression models

e HSB: Observed and Fitted
e Where...

e How to Get these in SAS

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different c’s

e Different o¢’s & Different 3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

__e Example Continued

= Since the function is curved, the change in = (x) for a unit
change in x is not constant but varies with z.

= At any given value of x, the rate of change corresponds to
the slope of the curve — draw a line tangent to the curve at
some value of x, and slope (rate of change) equals

pr(z)(1 —m(z))

= For example, when the math achievement score = equals 70,

exp{—7.0548 + .1369(70)}
1 + exp{—7.0548 + .1369(70)}

1 —.9261 = .0739

#(70) — 92619

| — #(70) =

and the slope equals
Br(70)(1 — w(70)) = (.1369)(.9261)(.0739) = .009.

e A Special Case

IkRgisticcReBI6gRe0 fogleisdistpmous Responses

Slide 26 of 115



Linear Approximation at x=70
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0.9
0.8
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e Interpreting logistic

regression models 06
e HSB Example ——
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e Where... 5_ .

e How to Get these in SAS

e How to Get these in SAS 04 1

Interpreting 3

Figure: Interpreting 3
Different c¢’s 03 ]
e Different o¢’s & Different 3’s
e Linear Approximation O 2
Interpretation '
e Linear Approximation
Interpretation O 1
e Linear Approximation at x=70 '
e Linear Approximation at x=70

e Linear Approximation O.O-I ——————r——r ———T——
Interpretation

e Linear Approximation at 30 40 50 60 70 80
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation X (mean aChIevement ScorES)

e Random Explanatory variable
& Fixed Response
e Example Continued

e A Special Case
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Linear Approximation at x=70
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Interpreting logistic regression
models

e Interpreting logistic
regression models

e HSB Example

e Where...

e How to Get these in SAS

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different c’s

e Different o¢’s & Different 3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

e Example Continued

1.0]

pi= 92619

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.01

slope =

009

30

X {mean achievement scores)

e A Special Case
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Linear Approximation Interpretation
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Interpreting logistic regression
models

e Interpreting logistic
regression models

e HSB Example

e HSB: Observed and Fitted
e How to Get these in SAS

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different o’s

e Different o¢’s & Different (3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

__e Example Continued

= The slope is greatest when n(x) = (1 — n(x)) = .5; that is,

when

z=—a/f
#(51.53)

and slope at x = 51.53

= —(—7.0548)/.1369 = 51.53
= (1-#(51.53)) = 5

is (.1369)(.5)(.5) = .034

= The value of x = —a/( is called the “median effective level”
or E'Ly, (for short), because it is the point at which each

event is equally likely.

» Some other values:
Ly

A

T

1 —m

Slope at z;

70

60

52
51.5325
43.065

9261
7612
5160
5000
.2388

0739
2388
4840
5000
7612

.009
.025
03419
03423
.025

e A Special Case
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Linear Approximation at x=51.53

Median Effective Level
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0.9 S
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models
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regression models

e HSB Example ]
e HSB: Observed and Fitted 06
= oi= 5

e How to Get these in SAS — 05 1
e How to Get these in SAS Q—

e Interpreting 3 O 4
e Figure: Interpreting 3 '
o Different o’s

e Different o¢’s & Different (3’s 03 ]
e Linear Approximation

Interpretation O 2 1

e Linear Approximation

Interpretation

e Linear Approximation at x=70 O 1 1

e Linear Approximation at x=70

oLinearApproximation O-0||||||
Interpretation

e Linear Approximation at 30 40 50 60 70 80
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation X (mean aChIevement ScorES)

e Random Explanatory variable
& Fixed Response
e Example Continued

e A Special Case
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Odds Ratio Interpretation

__e Example Continued

a somewhat simpler & more natural interpretation of
logit/logistic regression models,

logit(7(x)) = logit(w(z)) = a + Sz

Overivew

Review of Logistic Regression

= Taking the exponential of both sides,
Interpreting logistic regression T (.CB)
models
e Interpreting logistic — eXp{OZ —l_ /B.CU} — Ga 6/833
regression models 1 — 77 (:L')

e HSB Example
e HSB: Observed and Fitted

= This is a model for odds; Odds T multiplicatively with x.

e How to Get these in SAS

RIS = A 1 unitincrease in z leads to an increase in the odds of °.
- Poure: inerpretng So the odds ratio for a 1 unit increase in x equals

rea oo mz+1)/A-m(z+1) _ g

lontl(_ei;z::e:is;oximation W(:C)/(]. - W(Jf))

Interpretation

e Linear Approximation at x=70
; e oo | \When 3 = 0, e” = 1, so the odds do not change with z.
Interpretation

e Linear Approximaton at = The logarithm of the odds changes linearly with x; however,
x=51.53 . . . _

« Odids Ratio Iterpretaton the logarithm of odds is not an intuitively easy or natural

* Randon Bxplanatory v scale to interpret.

& Fixed Response

e A Special Case
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HSB: odds ratio interpretation
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models

e Interpreting logistic
regression models

e HSB Example

e HSB: Observed and Fitted
e Where...

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different c’s

e Different o¢’s & Different 3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

__e Example Continued

= Since 3 = .1369, a 1 unit increase in mean achievement test scores
leads to an odds ratio of

odds ratio for (Az =1) =e "% =1.147

= The odds of having attended an academic program given a mean
achievement score of = + 1 is 1.147 times the odds given a mean
achievement score of =.

= A change in z of 10 (1 s.d. on the T—score scale) leads to an odds
ratio of

. eaeﬁ(x—l—lO)
odds ratio for (Azx = 10) =

ex 65(33)

_ e P ef(10) _ B10)
eaeﬁ(iﬁ)

= For our example, e136°(10) — 3 931

= Unlike the interpretation in terms of probabilities (where the rate of
change in 7(x) is not constant for equal changes in x), the odds
ratio interpretation leads to constant rate of change.

e A Special Case
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Random Explanatory variable & Fixed Response
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models

e Interpreting logistic
regression models

e HSB Example

e HSB: Observed and Fitted
e Where...

e How to Get these in SAS

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different c’s

e Different o¢’s & Different 3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

__e Example Continued

= This happens in retrospective studies (e.g., case—controls)

= From Hosmer & Lemeshow (1989): In a study investigating
the risk factors for low birth weight babies, the risk factors
considered

0 Race

Smoking status of mother
History of high blood pressure
History of premature labor
Presence of uterine irritability
Mother’s pre-pregnancy weight

N N O O B B

= The 56 women who gave birth to low weight babies in this
study were matched on the basis of age with a randomly
selected control mother (i.e. each control gave birth to a
normal weight baby and was the same age as the “case”
mother).

e A Special Case
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Example Continued
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e Interpreting logistic
regression models

e HSB Example

e HSB: Observed and Fitted
e Where...

e How to Get these in SAS

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different c’s

e Different o¢’s & Different 3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

__e Example Continued

= |f the distribution of explanatory variables /risk factors is
different for the case & control moms, then this is evidence of
an association between low birth weight & the risk factors.

= The estimated coefficients of an explanatory variable can be
used to estimate the odds ratio. Note: this only works for

logit/logistic regression model for binary data, and does not
work for linear & probit models for binary data.

= You’'ll have to wait for the results until later in semester (or
check references).

e A Special Case
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A Special Case
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e Interpreting logistic
regression models

e HSB Example

e HSB: Observed and Fitted
e Where...

e How to Get these in SAS

e How to Get these in SAS

e Interpreting 3

e Figure: Interpreting 3

o Different c’s

e Different o¢’s & Different 3’s
e Linear Approximation
Interpretation

e Linear Approximation
Interpretation

e Linear Approximation at x=70
e Linear Approximation at x=70
e Linear Approximation
Interpretation

e Linear Approximation at
x=51.53

e Odds Ratio Interpretation

e HSB: odds ratio interpretation
e Random Explanatory variable
& Fixed Response

__e Example Continued

= \Whether a logistic regression model is a good description of
a data set is an empirical question, except for one particular
case...

= The logistic regression model will necessarily hold when
0 The distribution of X for all those with Y = 1 is N (1, 02).
0 The distribution of X for all those with Y = 0 is N (pq, 02).

= Do these assumptions sound familiar?

= |f these 2 conditions hold, then
0 7(x) follows a logistic regression curve,

logit(m(x)) = a + frx

0 The sign of 3 is the same as the sign of u; — .

0 If the variances are quite different, then a logistic
regression model for 7w (x) that also contains a quadratic
term is likely to fit the data well.

logit(7(x)) = a + B + By

e A Special Case
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Inference for logistic regression

Overivew or the significance and size of effects

Review of Logistic Regression

1. Confidence intervals for parameters.

Interpreting logistic regression
models

Inference for logistic regression 2 . Hyp Oth eS|S testl n g .

e Inference for logistic
regression

e Confidence Intervals in . . . g .
Logisic Regression 3. Distribution of probability estimates.
e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

o HSB: Wald Test (1) and (2) will follow much like what we did for Poisson

e Likelihood ratio test statistic

« Wld & Likeliood Rati regression. (3) will be a bit different.

e Confidence Intervals for
Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

e Model based vs Non
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Confidence Intervals in Logistic Regression
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models

Inference for logistic regression

e Inference for logistic
regression

e Confidence Intervals in
Logistic Regression

e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

Since we use maximum likelihood estimation, for large
samples, the distribution of parameter estimates is
approximately normal.

A large sample (1 — «)100% confidence interval for g is
B+ 2,/2(ASE)

where o here refers to the significance level (and not the
Intercept of the model).

Example (High School and Beyond): A 95% confidence
Interval for 3, the coefficient for mean achievement test
scores Is

1369 & 1.96(.0133) — (.1109, .1629)

To get an interval for the effect of mean achievement score
on the odds, that is for e, we simply take the exponential of
the confidence interval for .

(e1109, -1629) __, (1.1173,1.1770)

e Model based vs Non
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Confidence Intervals for linear approximation
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Inference for logistic regression

e Inference for logistic
regression

e Confidence Intervals in
Logistic Regression

e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

i.e., for Br(x)(1 — w(x)),

= Multiply the endpoints of the interval for g by 7(x)(1 — 7 (x)).

» Forw(z) =.5,s0 7(x)(1 —n(x)) = .25, a 95% confidence
interval for Gr(x)(1 — w(x)), the slope when X = z, is

(.25)(.1109), (.25)(.1629) —> (.0277,.0407)

= So the incrimental rate of change of 7(z) when

r = —&/f = 51.5325 is an increase in probability of 1.0277 to
.0407.

e Model based vs Non
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Hypothesis Testing: Hp : =0
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models

Inference for logistic regression

e Inference for logistic
regression

e Confidence Intervals in
Logistic Regression

e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

l.e., X Is not related to response.

1. Wald test
2. Likelihood ratio test

Wald test: For large samples,

A

__P_
ASE

is approximated A (0, 1) when Hp : 3 = 0 is true.

zZ

So for 1-tailed tests, just refer to standard normal distribution.

A 2

g

Wald statistic = | ——
ASFE

which if the null is true is approximately chi-square distributed
with df = 1.

e Model based vs Non
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HSB: Wald Test

Overvew Ho : B =0 (l.e., mean achievement is not related to whether a

review of Logisic Regression |- St dent attended an academic or nonacademic program)
Interpreting logistic regression versus HA . 6 # O.

models

Inference for logistic regression

1369
.0133

e Inference for logistic

regression Wald statistic = (

e Confidence Intervals in
Logistic Regression
e Confidence Intervals for linear

approximation which with df = 1 has a very small p—value.

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

2
) = (10.29)* = 106

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

e Model based vs Non

Modgltithregression for Dichotomous Responses Slide 40 of 115




Likelihood ratio test statistic
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Inference for logistic regression

e Inference for logistic
regression

e Confidence Intervals in
Logistic Regression

e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

... the more powerful alternative to Wald test.
test statistic = —2(Lo — L1)
where Lo is the log of the maximum likelihood for the model
logit(w(x)) = «
and L1 is the log of the maximum likelihood for the model

logit(7(x)) = a + Bz

If the null is true, then the likelihood ratio test statistic is
approximately chi-square distributed with df = 1.

HSB Example:

Likelihood ratio test statistic = —2(Lo — L1)
=  —2(—415.6749 — (—346.1340)) = 139.08

which with df = 1 has a very very small p—value.

e Model based vs Non
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Wald & Likelihood Ratio
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e Inference for logistic
regression

e Confidence Intervals in
Logistic Regression

e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

The easier way to get LR test statistic in SAS: “type3” as a
model option:

LR Statistics For Type 3 Analysis
Chi-

DF Square

139.08

Source Pr > ChiSq

< .0001

achieve 1

Analysis Of Parameter Estimates

Standard Chi-

Parameter DF Estimate Error Square Pr > ChiSq
Intercept 1 —7.05 0.69 103.10 < .0001
achieve 1 0.14 0.01 106.41 < .0001

Why is the Wald statistic “only” 106.41, while the likelihood ratio
statistic is 139.08 and both have the same df & testing the
same hypothesis?

e Model based vs Non
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Confidence Intervals for Probability Estimates
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models

Inference for logistic regression

e Inference for logistic
regression

e Confidence Intervals in
Logistic Regression

e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

Our estimated probability for X = z,

F(x) = exp{& + Ba:}
1+ exp{é + B}

Want confidence intervals for 7(x) using the estimated model.

HSB example with Mean achievement score as the
explanatory variable:

Suppose we're interested in the probability when achievement
score = 51.1. Rhe estimated probability (or propensity) that a
student attended an academic program equals

exp{—7.0548 + .1369(51.1)}
1 + exp{—7.0548 + .1369(51.1))}
— 05842 /(] | o—05842) _ 4g5y

#(51.1) =

e Model based vs Non
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Cl for Probabillity Estimates

and from PROC GENMOD, a 95% confidence interval for the
true probability when =z = 51.1is

Overivew

(.440, .531)

Review of Logistic Regression

nenreing ogisic egression | |f you use SAS/GENMOD with the “obst at s” option, the table

- created by obstats contains:

Inference for logistic regression

e Inference for logistic
regression

e Confidence Intervals in COI U m n H S B Exam p I e
Logistic Regression )
e Confidence Intervals for linear Label TranS|at|0n (for €T = 5 1 . 1)

approximation

Ho a0 Pr ed () 0.4853992

e Likelihood ratio test statistic Xbet a IOglt(ﬁ'(af)) — (/i —|_ BZI; _005842

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates St d \/\//aﬁ(loglt(ﬁ(x))) 0.0927311

e Cl for Probability Estimates

» Computtional Detais of C Lower  Lower value of 95% CI for = (x) 4402446

for 7t ()

o e peatacr @ Upper  Upper value of 95% CI for 7(x) 2307934

e Computing Cl for 7t (¢ ;)

o= and how SAS got St d, Lower , and Upper ...

e Comments regarding of
Model based Estimates
e Model based vs Non

e Model based vs Non
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Computational Details of Cl for 7 (x;)

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

e Inference for logistic
regression

e Confidence Intervals in
Logistic Regression

e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

Find a confidence interval for the logit(x) and then transform is
back to probabilities.

To compute a confidence interval for the logit, o + Gz, we need
an estimate of the variance of logit(x), that is,

Var(a + ()
which is equal to
Var(a + fBz) = Var(a) + z2Var(3) 4 2zCov(d, 5)
The estimated variances and covariances are a by-product of

the estimation procedure that SAS uses. The CovB option in
the model statement requests that the estimated
variance/covariance matrix of estimates parameter be printed
(in the listing file or output window).

e Model based vs Non

Modgltithregression for Dichotomous Responses
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Computational Details of Cl for 7 (x;)

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

e Inference for logistic
regression

e Confidence Intervals in
Logistic Regression

e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

Estimated Covariance Matrix in SAS output from the covb
option to the MODEL statement:

Prml Prm?2
0.48271 -0.009140
-0.009140 0.0001762

Prml
Prm?2

Estimated Covariance Matrix of Estimated Parameters:

& 3
0.48271 -0.009140
-0.009140 0.0001762

X O

Note: ASE of 3 = +/.0001762 = .0133, as previously given.

e Model based vs Non

Modgltithregression for Dichotomous Responses
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Computing Cl for #(x;)

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

e Inference for logistic
regression

e Confidence Intervals in
Logistic Regression

e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

—

Var(a + fz)

So for x = 51.1,

Var(a) + z2Var(3) + 2zCov(a, 3)
48271 + (51.1)2(.0001762) + 2(51.1)(—.009140) = .008697

—0.0584

and \/ Var(é + Bz) = v/-008697 = .0933

A 95% confidence interval for the true logit for x = 51.1 is

&+ fBr + 1.96\/vér(@ + Bzx)
+ 1.96(.0933) — (—.2413,.1245)

and finally to get the 95% confidence interval for the true
probability when = = 51.1, transform the endpoints of the
Interval for the logit to probabilities:

exp(—.2413) exp(.1245)

(

1+ exp(—.2413)" 1 + exp(.1245)

) — (.44, .53)

e Model based vs Non

Modgltithregression for Dichotomous Responses
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Model vs Non-model based Cl for =«

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

e Inference for logistic
regression

e Confidence Intervals in
Logistic Regression

e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

= Model based Cl's are “better” than the non-model based

ones.
e.d., mean achievement 58.84, non-model based

n =2, # academic = 1, and p=1/2=.5

Whereas the model based estimate equals 7(58.84) = .73.

Can’t even compute a 95% confidence interval for 7 using
the (non-model) based sample proportion?

With the logistic regression model, the model based interval
S (.678,.779).

The model confidence interval will tend to be much narrower
than ones based on the sample proportion p,
because...e.g., the estimated standard error of p IS

Vp(l—p)/n=
while the estimated standard error of 7(58.84) is .131.

The model uses all 600 observations, while the sample
proportion only uses 2 out of the 600 observations.

5(.5)/2 = .354

e Model based vs Non

Modgltithregression for Dichotomous Responses
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Comments regarding of Model based Estimates

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

e Inference for logistic
regression

e Confidence Intervals in
Logistic Regression

e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

= Models do not represent the exact relationship between 7 (x)
and z.

As the sample size increases (i.e., n; for each x;), 7(x;)
does not converge to the true probabilities; however, p does.

The extent to which the model is a good approximation of the
true probabilities, the model based estimates are closer to
the true values than p and the model based have lower
variance.

Models “smooth” the data.

See figure of observed proportions p versus math scores
and model estimates of 7(x) versus math scores.

For the HSB example, most of the sample p;’s have n;'s of O
or 1 (largest is 5).

The above results provide additional incentive to investigate
whether our model is a good one; that is, does the model
approximate the true relationship between 7(x) and .

e Model based vs Non

next page
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Model based vs Non

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

e Inference for logistic
regression

e Confidence Intervals in
Logistic Regression

e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

p/ pi(x)

e Model based vs Non

Modgtithregression for Dichotomous Tﬁg\é@ﬁ

Model fit then collapsed

°°p — pihat(x)

&} o0 @O 0d O S I ICOEENED RGN0

DI TR W T 0= vl (Y T (T

D TR O (D O

o odae o O ooooo O 0 OOm

TR NG AT 0 mg 99 o (s
T T T T T T

40 o0 60 /0
X (mean achievement scores)
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Model based vs Non

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

e Inference for logistic
regression

e Confidence Intervals in
Logistic Regression

e Confidence Intervals for linear
approximation

e Hypothesis Testing:

Hp :8=0

e HSB: Wald Test

e Likelihood ratio test statistic

e Wald & Likelihood Ratio
e Confidence Intervals for

Probability Estimates

e Cl for Probability Estimates
e Computational Details of CI
for 7t ()

e Computational Details of Cl
for 7t ()

e Computing Cl for 7t (¢ ;)
e Model vs Non-model based

Cl for 7t
e Comments regarding of

Model based Estimates
e Model based vs Non

Collapse then fit model

*** Observed — Fitted — Upper %%
— Lower 5% t*r—stderrp "4 stdemrp

1.2
1.1
1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0
—0.1
—-0.2

Proporitions/Probabilities

—0.31
30

e Model based vs Non

Modgltithregression for Dichotomous Responses

40 50
X (mean achievement scores)
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Model checking.

Overivew Ou‘tl | ne:

Review of Logistic Regression

1. Goodness-of-fit tests for continuous z.

Interpreting logistic regression

models (a) Group observed counts & fitted counts from estimated
Inference for logistic regression m Od el .

Model checking. .

« Moe recking (b) Group observed counts and then re-fit the model.
Gootness ot est (c) Hosmer & Lemeshow goodness-of-fit test.

Fit Model then Group

Sroup Data e Fit od 2. Likelihood ratio model comparison tests.

Hosmer-Lemeshow 3 . Res I d u al S.

Likelihood-Ratio Comparison

Tests

4. Measures of influence.

Predictive Power

Residuals 5 . RO C

Influence

The Tale of the Titanic
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Goodness-of-fit tests when 2z “continuous”

= |[f most of the estimated counts are > 5, then G? and X? are
approximately chi-squared distributed with df = “residual df”
where

Overivew

residual df = # sample logits — # model parameters

Review of Logistic Regression

menreting gistcregresson |- m|f the p-value is small, then we have evidence that the model

e does not fit the data.

Inference for logistic regression

vodel checking. = However, “continuous” explanatory variable creates a

Sooecs ot i oot problem (i.e., X? and G? fail to have approximate x?
fdsjfm e sampling distributions).

uoumars = HSB example:

Fit Mode then Group 0 There are 531 different values for achievement.

Group Dala then Fit Mot 0 For each achievement value, we have y; < 5.

Hosmer-Lemeshow 0 If we considered the data in the form of a (531 x 2)
Likeliood-Ratio Comparison contingency table of achievement x program type, many

of the (531)(2) = 1062 cells of this table would be empty

Predictive Power

and contain very small cell counts.

Residuals

0 There are only 600 observations/students.

Influence

The Tale of the Titanic
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Large Sample Theory Requirements

Overivew Large sample theory for the goodness of model fit tests is

Review of Logistic Regression V|O|ated |n tWO WayS

Interpreting logistic regression

made 1. Most of the fitted cell counts are very small.

Inference for logistic regression

Model checking. 2. As the number of students increase, the number of possible
Gontness ot ftiess scores would also increase, which means that sample size
effects the number of cells in the table.

e Large Sample Theory
Requirements

Fit Model then Group

Group Data then Fit Mode So, what did we do with Poisson regression?. ..

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

The Tale of the Titanic
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Fit Model then Group

First the model was fit to the data and then the observed and fitted

counts were grouped. (grouped so approximately equal cases per

Overivew category. Observed Data Fitted Values

Review of Logistic Regression Mean # attend # attend # cases # attend # attend
o+ Group score acad non-acad in group acad non-acad
PRSI L 1 < 40 37.77 8 38 46 6.48 39.52
40>z <45 42.60 18 69 87  16.86 70.14
45 > 1 < 47 46.03 14 30 44 11.98 32.02
A7>1 <49 47.85 17 26 43 13.97 29.03
19>z <51 50.12 18 32 50  17.41 32,50
51> 2 <53 5212 22 28 50  21.44 28.56
53> 2 < 55 53.95 34 24 58 24.21 33.79
55 >z < 57 56.05 23 21 44 20.86 23.15
57 >z < 60 58.39 35 33 68 33.45 34.55
we o | g0 > 5 <65 62.41 56 22 78 50.52 27.48
65 > x 66.56 26 6 32 22.73 9.27

&gg&&glgegressmn for Dichotomous Responses—
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Plot of Counts

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

e Fit Model then Group

e Plot of Counts
e Plot of Proportions &

Probabilities
e Fitting Model and then

Collapse

e Doing this in SAS
e Doing this in SAS
e Doing this in SAS
e Doing this in SAS
e Last Step...

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

ﬁ.é)sqg&glsRegressmn for Dichotomous Responses

Counts sum per Group °***Observed — Fitted

Observed/Fitted Counts

X (mean achievement scores)
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Plot of Proportions & Probabilities

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

e Fit Model then Group

e Plot of Counts
e Plot of Proportions &

Probabilities
e Fitting Model and then

Collapse

e Doing this in SAS
e Doing this in SAS
e Doing this in SAS
e Doing this in SAS
e Last Step...

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Model fit then collapse

***Observed proportion — Fitted probability I

Proporitions/Probabilities
O 0 0 O O 0 O O
N ©® H T O NP OO

©
—

o0 o0 70
X (mean achievement scores)

)
S

T
o .
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Fitting Model and then Collapse

Test statistics for goodness of fit:

Y2 o Z Z (observed — fitted)?
Overivew p— fltted
Review of Logistic Regression g rO U pS p rO g ram

Interpreting logistic regression

odds G =2 ) ) observedlog(observedffitted)

Inference for logistic regression g ro u pS p rO g ram

Model checking.
and

Goodness-of-fit tests

df = # group — # parameters

Fit Model then Group

e Fit Model then Group

« Plot of Couris Using the values, we get

e Plot of Proportions &

Probabilities
e Fitting Model and then

Collapse

e Doing this in SAS Statlstl C df Val u e “p—val U e"

- oo i shs X2 (11—2)=9  9.40
G? (11-2)=9 9.72

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

ﬁ.o&{_?tic Regression for Dichotomous Responses Slide 58 of 115
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Doing this in SAS

Overvew Step 1: Fit the model to the data:

" | PROC GENMOD data=hsb:

Interpreting logistic regression

models model academic/ncases = achieve / link=logit
Inference for logistic regression dlst:blnomlal Obstats types COVb’
Model checking. Output Out:preds pred :fltted’

Goodness-of-fit tests

< Fivadel o G Step 2: Use PROC FREQ to decide on cut-points:

e Plot of Counts
e Plot of Proportions &

probabilties PROC FREQ data=preds;

e Fitting Model and then

Collapse tables achieve / nopercent norow nocol list;

e Doing this in SAS
e Doing this in SAS
e Doing this in SAS
e Doing this in SAS
e Last Step...

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

ﬂ.og{_?tic Regression for Dichotomous Responses Slide 59 of 115
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Doing this in SAS

Overivew Step 3: Use cut-points to make grouping variable:

Review of Logistic Regression

Interpreting logistic regression DATA groupl;

mae set preds;

ierence forlogite fegresson If achieve<40 then grp=1,;

Model checking. else if achieve>=40 and achieve<45 then grp=2;
Coodness-otf tests else if achieve>=45 and achieve<47 then grp=3;
i ade e revp else if achieve>=47 and achieve<49 then grp=4;
¢ Plotofcounts else if achieve>=49 and achieve<51 then grp=5;
Probabilies - tren else if achieve>=51 and achieve<53 then grp=6;
e i sas else if achieve>=53 and achieve<55 then grp=7;
[ oong tiein ohS else if achieve>=55 and achieve<57 then grp=S8;
+ Dong i 3AS else if achieve>=57 and achieve<60 then grp=9;

else if achieve>=60 and achieve<65 then grp=10;

Group Data then Fit Model

else if achieve>=65 then grp=11;

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power
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Doing this in SAS

Overvew Step 4: sort the data:

Review of Logistic Regression
Interpreting logistic regression P RO C S O RT d ata: g ro u p 1 ’

models by g r p ’

Inference for logistic regression

Vodel checking. Step 5: Find sums and means needed:

Goodness-of-fit tests

| PROC MEANS data=groupl sum mean noprint;

e Fit Model then Group by g r p’

e Plot of Counts

~ Plot of Proportions & var academic fitted achieve ;
Probabilities

« Fiting Model and then output out=grpfit sum=num_aca fit2

Collapse

« Doing this in SAS N=num_cases
e Doing this in SAS

e Doing this in SAS mean:duml dum2 aChbar,

e Doing this in SAS
e Last Step...

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power
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Doing this in SAS

Step 6: Compute various guantities needed for plotting and
computing global fit statistics:

D DATA done;

Review of Logistic Regression Set g rpflt,
Imnz)edrzlrseting logistic regression p: n u m_aca/n u m_CaseS ,
Inference for logistic regression p p — f|t2/n u m—CaseS 1

NoNn_aCa = num-cases—nume-aca,

Model checking.

flnon = num_cases—fit2;

Goodness-of-fit tests

Xsgl=((num_aca-fit2)**2)/fit2;

Fit Model then Group

" P odel then Group Xsg2=((non_aca-fit_non)**2)/fit_non;
o P o oroportons & Gsqgl= 2* num_aca*log(num_aca/fit2);
ot e Gsg2 = 2*non_aca*log(non_aca/fit.non);

e Doing this in SAS
e Doing this in SAS
e Doing this in SAS

« Doing this in SAS Step 7: Sum up the quantities need for the global fit statistics:

e Last Step...

Group Data then Fit Model PROC MEANS data:done sum n ,

Hosmer-Lemeshow Var qul quz qul quz,

Likelihood-Ratio Comparison ru n y
Tests

Predictive Power
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Last Step. ..

The MEANS Procedure
Variable Sum N

Overivew qul 43269856 11

Review of Logistic Regression
Xsg2 5.0778190 11
Interpreting logistic regression

models qul 4.1338700 11

Inference for logistic regression G Sq 2 5 . 58539 1 2 1 1

Model checking.

Goodness-of-fit tests

Fit Model then Group

e Fit Model then Group X2 — 43269856 + 50778190 — 940

e Plot of Counts
e Plot of Proportions &

Probabilities

e Fitting Model and then G2 — 41338700 + 55853912 — 972

Collapse

e Doing this in SAS
e Doing this in SAS
e Doing this in SAS

RS df = number of logits — number of parameters

Group Data then Fit Model — 11 — 2 — 9

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power
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Group Data then Fit Model

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

e Group Data then Fit Model
e From Grouping and then
Fitting Model

e Figure of this

e Comparison

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

Much easier but cruder.

Using the same groups as before, the counts are summed and
the model re-fit to the collapsed data. The mean achievement
score was used for the numerical value of the explanatory
variable.

l.e.,
PROC GENMOD data=qgrpfit;
model num_aca/num_cases = achbar / dist=bin link=logit;

This yields
logit(#(z;)) = —6.9232 + 0.1344z;

and

Statistic
Deviance G?
Pearson Chi-Square X2

df Value p-value
9 9.7471 37
9 9.4136 40

The Tale of the Titanic

ILogistic Regression for Dichotomous Responses
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From Grouping and then Fitting Model

Overivew

Review of Logistic Regression

Achievement

Group

Mean
score

Observed Data

# attend
academic

# cases
In group

Observed
proportion

Fitted

probability

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

e Group Data then Fit Model
e From Grouping and then
Fitting Model

e Figure of this

e Comparison

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

x < 40

40 > x < 45
45 > x < 47
47 > x < 49
49 > x < 51
Hhl > x < 53
53 > x < 5D
55 > x < 57
57 > x < 60
60 > x < 65
6 > x

37.77
42.60
46.03
47.85
50.12
52.12
53.95
56.05
58.39
62.41
66.56

8
18
14
17
18
22
34
23
35
56
26

46
87
44
43
50
50
58
44
638
/8
32

0.17
0.20
0.31
0.39
0.36
0.44
0.58
0.52
0.51
0.71
0.81

13
23
.32
.38
45
.52
.58
.65
A2
81
.88

Influence

The Tale of the Titanic

ILogistic Regression for Dichotomous Responses
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Figure of this

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

e Group Data then Fit Model
e From Grouping and then
Fitting Model

e Figure of this

e Comparison

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

The Tale of the Titanic

ILogistic Regression for Dichotomous Responses

P/ pix)

Grouped Data then Fit Model

S — pihat(x)

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.01

30

40 o0 o0 70
X (mean achievement scores)
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Comparison

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

e Group Data then Fit Model
e From Grouping and then
Fitting Model

e Figure of this

e Comparison

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

The Tale of the Titanic

Fit Model then Group Observed & Fitted

P — pihat()

1.0
0.9
0.8
07
0.6
05
04
0.3
02
0.1
0.04 . ‘ ; ‘
30 40 50 60 70

X (mean achievement scores)

p/ piX)

Model fit then collapsed

°°p ~ pihat(x)

0 ®C 06 0 GmG CUE (OO CCIRDOEOGMIP NN A

1.0 °
0.9
0.8
0.7
0.6
05
04
0.3
0.2
0.1

30 40 50 €0 70

X (mean achievement scores)

@oano O ODDD O O D @

=]

p/ pix)

D@D DO 00 O @

ILogistic Regression for Dichotomous Responses

Grouped Data then Fit Model

P — pihat()

1.0
0.9
0.8
07
0.6
05
04
0.3
02
0.1
0.04 . ‘ ; ‘
30 40 50 60 70
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Both methods yield the same result:
the model lack of fit is not statisti-
cally large (i.e., don’t reject Hy that
the model lack of fit is large) and es-
timated equations are very similar.
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Alternative Method of Partitioning/Grouping

= Problem: When there is more than one explanatory variable,
grouping observations becomes more difficult.

Overtvew = Solution: Group the values according to the predicted
Review of Logistic Regression probabilities such that they have about the same number of
Interpreting logistic regression Observatlons In eaCh Of them.

models

Inference for logistic regression H OW

Model checking. 1. Order the observations according to 7 (z) from smallest to
Goothnessof-fi tests largest.

F Mode hen Group In the HSB example, there is only 1 explanatory variable

Group Data then Fit Model and probabilities increase as achievement scores go up

« Atennaiie Wiehod o (i.e., 8 > 1) so we can just order the math scores. When

- Grouning Doy (1) there is more than 1 explanatory variable, the ordering must
" Hosmer-emeshou Statste be done using the 7(z)’s.

e 2. Depending on the number of groups desired, it is common
Predictie Poer to partition observations such that they have the same

Residuals number observations per group.

Influence

Iho Talg of thg Titonic
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Grouping Data by 7 (x;)

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

e Alternative Method of
Partitioning/Grouping

e Grouping Data by 7t ()
e Hosmer-Lemeshow Statistic

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

Iho Talg of thg Titonic

2. (continued) For example, if we wanted 10 groups in the
HSB example, then we would try to put n/10 = 600/10 = 60
students per group.

The first 60 observations — group 1
The next 60 observations — group 2
etc.

It's not always possible to have exactly equal numbers in
the groups.

3. A Pearson-like X? computed on the data grouped this way
IS known as the “Hosmer & Lemeshow” statistic.

It doesn’t have a chi-squared distribution, but simulation
studies have shown that the distribution of the
Hosmer-Lemeshow statistic is approximately chi-squared
with df = g — 2 (where g = the number of groups).

HSB: Hosmer-Lemeshow statistic = 4.7476, df = 8, p = .7842.
Conclusion?

ILogistic Regression for Dichotomous Responses
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Hosmer-Lemeshow Statistic

Overivew PROC/LOGISTIC will compute the Hosmer-Lemeshow

review of Logisic Regression |- StatIStic, as well as print out the partitioning.

Interpreting logistic regression

models

Inference for logistic regression Example USIng PROC LOGISTIC,

Model checking = |f data is in individual level format (one line per case):
Goodness-of fit tests PROC LOGISTIC data=acd descending;

Fit Model then Group model academic = achieve / lackfit;

Group Data then Fit Model ru n ’

« Atennaiie Wiehod o = |f data is in tabular form (contingency table):

Partitioning/Grouping

- Grouing Dt by 7 () PROC LOGISTIC data=hsbtab descending;
model academic/count = achieve / lackfit; run:

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

Iho Talg of thg Titonic
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Edited Output from PROC LOd STI C

The LOGQ STI C Procedure

Model | nformation

Dat a Set WORK. ACD
Response Vari abl e acadeni c
Nunber of Response Levels 2
Nurmber of Observations 600
Li nk Function Logi t

Opti m zati on Techni que Fi sher’s scoring

Response Profile

Or der ed Tot al
Val ue acadeni c Frequency

1 1 308

2 0 292

Model Convergence Status

Convergence criterion (GCONV=1lE-8) satisfied.

Model Fit Statistics

I ntercept

I nt er cept and
Criterion Only Covari at es
Al C 833. 350 696. 268
SC 837. 747 705. 062
-2 Log L 831. 350 692. 268

Testing G obal Null Hypothesis: BETA=0

Test Chi - Squar e DF Pr > Chi Sq
Li kel i hood Rati o 139. 0819 1 <. 0001
Scor e 127. 4700 1 <. 0001
Wal d 106. 4038 1 <. 0001

70-1



Par anet er

I ntercept
achi eve

Ef f ect

achi eve

)
o
c
S

QOWowO~NOOOUTA, WNPEF

=

Hosmer and
Chi - Squar e

4. 7476

Anal ysi s of Maxi mum Li kel i hood Esti nmates

St andar d

DF Estinate Error Chi - Squar e Pr >Chi Sq

1 -7.0543 0. 6948 103. 0970 <. 0001

1 0. 1369 0. 0133 106. 4038 <. 0001

Odds Rati o Estimates
Poi nt 95% Wal d
Esti mate Confidence Limts
1. 147 1.117 1.177
Partition for the Hosnmer and Leneshow Test
academc = 1 academc = 0
Tot al Observed Expect ed Obser ved Expect

60 9 8.67 51 51.
60 13 13. 66 47 46.
60 19 18. 80 41 41,
60 24 23.74 36 36.
60 26 29. 29 34 30.
60 36 33. 75 24 26.
60 42 38. 06 18 21
62 41 44, 23 21 17.
60 45 47. 47 15 12.
58 53 50. 34 5 7.

Lemeshow Goodness-of-Fit Test
DF Pr > Chi Sq

8 0.7842

70-2

ed

33
34
20
26
71
25

.94

77
53
66



Comparison Tests as Goodness of fit tests

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

e Comparison Tests as

Goodness of fit tests
e Likelihood-Ratio Model

Comparison Tests

o Likelihood-Ratio Model
Comparison Tests

e and...

e The easier/quicker way

Predictive Power

. Residuals

with continuous predictors

More complex models can be fit, such as:
= additional explanatory variables.

= non-linear terms (e.g., z2).
= |nteractions

= efc.
and a likelihood ratio test used to compare the model with
respect to the more complex models.

If the more complex models do not fit significantly better than
the model’s fit, then this indicates that the fitted model is
reasonable.

Global goodness of fit statistics only indicate that the model
does not fit perfectly (i.e., there is some lack of fit). By
comparing a model’s fit with more complex models provides
test for particular types of lack of fit.

Influence

ILogistic Regression for Dichotomous Responses

The Tale of the Titanic
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Likelihood-Ratio Model Comparison Tests

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

e Comparison Tests as

Goodness of fit tests
e Likelihood-Ratio Model

Comparison Tests

o Likelihood-Ratio Model
Comparison Tests

e and...

e The easier/quicker way

Predictive Power

. Residuals

The likelihood-ratio statistic equals
Likelihood-ratio statistic = —2(Ly — L)

where

L, = the maximized log of the likelihood function from a
complex model, say M.

Ly = the maximized log of the likelihood function from a
simpler (nested) model, say M.

The goodness of model fit statistic G? is a special case of the
likelihood ratio test statistic where

Mo = M, the model we're testing.

M, = Mg, the most complex model possible or the
“saturated” model.

For Poisson and logistic regression, G is equal to “deviance” of the
model.

Influence

ILogistic Regression for Dichotomous Responses

The Tale of the Titanic
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Likelihood-Ratio Model Comparison Tests

Let
Ls = maximized log of the likelihood function for the saturated

Overivew m O d e I )

Review of Logistic Regression Lo = maximized log of the likelihood function for the simpler
Interpreting logistic regression mOdeI MO

models

iference fo logistic regression L, = maximized log of the likelihood function for the complex

Model checking. mOdeI M]_ .

Goodness ot tests where we want to compare the fit of the model M, and M;.

Fit Model then Group

Group Data then Fit Model deVIance fOf MO — GZ(MO) — _2(L0 — LS)

Hosmer-Lemeshow

o and
Likelihood-Ratio Comparison

Test deviance for M, = G*(M;) = —2(L, — Lg)

e Comparison Tests as
Goodness of fit tests

* Likelihood-Ratio Model The likelihood ratio statistic

Comparison Tests
e Likelihood-Ratio Model

Comparison Tests GZ(MolMl) p— —Z(LO - Ll)

eand...

e The easier/quicker way == —2[([/0 — LS) - (Ll T LS)]

. Residuals

Predictive Power — G2 (M()) — G2 (Ml )

Influence

ILogistic Regression for Dichotomous Responses Slide 73 of 115
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and ...

and df = dfy — df.

Assuming that M, holds, this statistic tests
Overivew = \Whether the lack of fit of M is significantly larger than that

Review of Logistic Regression Of Ml .
nernretng bsteegresson |- - \Whether the parameters in M; that are not in M, equal zero.

Inference for logistic regression HSB example uSlng the grouped data

Model checking.

My = Model with only an intercept

Goodness-of-fit tests

Fit Model then Group |Og|t(xz) =

Group Data then Fit Model

Hosmer-Lemeshow

G?(My) = 144.3546 with dfy = (11 — 1) = 10

Likeliood-Ratio Comparison M; = Model with an intercept and math scores
e Comparison Tests as
« Uikelnood Rt Mode! logit(z;) = a + Px;

Comparison Tests
e Likelihood-Ratio Model

Comparison Tests G2(M1) p— 1276 Wlth df]_ p— (11 — 2) m— 97471.

eand...
e The easier/quicker way

G?(My|My) = 144.3546 — 9.7471 = 134.61 with df =10—-9 =1

Predictive Power

. Residuals

and p—value < .0001.

Influence
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The easier/quicker way

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Or using the t ype3 option in the GENMOD MCODEL statement:

LR Statistics For Type 3 Anal ysis

Sour ce

Chi -
DF Square

Pr

> Chi Sq

Group Data then Fit Model

ach_bar

1 134.57

<. 0001

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

e Comparison Tests as

Goodness of fit tests
e Likelihood-Ratio Model

Comparison Tests

o Likelihood-Ratio Model
Comparison Tests

e and...

e The easier/quicker way

Predictive Power

Residuals

Influence

ILogistic Regression for Dichotomous Responses

The Tale of the Titanic
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Summary Measures of Predictive Power

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

e Summary Measures of
Predictive Power

e Classification Table

e HSB Example

e HSB Example with

o = .50

e Sensitivity, Specificity &
p(Correct)

e ROC Curve for HSB:

c = 769

Receiver Operating Characteristic (ROC), Classification tables,

and Concordance index

Suppose we have a simple model

logit(#;) = & + Bz

Let 7, be a cut-point or cut-score and 7; be a predicted probability of

the model. The predicted response is

1 ifm > m,
0 ifﬁ'igﬂ'o

Classification Table:

Ui = 1

Predicted

g =0

Actual y =1 correct

iIncorrect or “false negative”

y = 0 | incorrect or “false positive”

correct

e Area Under ROC Curve
e ROC Curve for HSB:

(L ogistic R8P essidn ) Dichotomous Responses
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Classification Table

We’re more interested in conditional proportions and
probabilities:

Predicted

Overivew

Review of Logistic Regression y'L — 1 y'L — O

Interpreting logistic regression Actu al y _ nl 1 /nl _|_ n 12 /nl _|_ n 1 _|_

models
n21/n2+ n22/n2+ no4+

Inference for logistic regression y

Model checking.

ni1/niy = proportion (y = 1|y = 1) = “sensitivity”

Goodness-of-fit tests

Fit Model then Group noo/noy = proportion (g = 0y = 0) = “specificity”

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

eredicive Power p(correct) = p(y=landy=1)+p(y=0andy =0)

_c =769

b = p(H=1y="Dply=1)+ (5 =0y =0)py =0)
© Hea Bampe wit = (sensitivity)p(y = 1) + (specificity)p(y = 0)
o = .50
;(is;iigity, Specificity &

e Area Under ROC Curve
e ROC Curve for HSB:
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HSB Example

= | et the cut-score equal 7, = .50.

Compare 7; and classifyias Y = 11if 7; > 7,
otherwise classify z as 'Y = 0.

Overivew

Review of Logistic Regression Tab u Iate th e reS u |tS

Interpreting logistic regression P red I Cted

models

y=1 y=0
Inference for logistic regression

Model checking. ACtuaI y — 1 227 81 308

Goodness-of-fit tests y — O 94 1 9 8 2 9 2

Fit Model then Group

Sroup Data then Ft Model The Conditional proportions:

Hosmer-Lemeshow

o Sensitivity = 227/308 = .708

Tests SpeC|f|C|ty = 94/292 — 678

Predictive Power

_c =769

e Summary Measures of
Predictive Power

v Po The proportion correct
LishEae — 708(308/600) + .678(292/600) — .5387 + .3481 = .71

e HSB Example with

o = .50

e Sensitivity, Specificity &
p(Correct)

e ROC Curve for HSB:

e Area Under ROC Curve
e ROC Curve for HSB:
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HSB Example with 7, = .50

Sensitivity= 227/308 x 100% = 73.7%

227 predicted academic

Overivew 308 aCademIC

Review of Logistic Regression

Interpreting logistic regression

models

81 predicted non-academic

Inference for logistic regression 600 StU d e ntS

Model checking.

Goodness-of-fit tests

Fit Model then Group 94 predicted academic

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison 292 nonacadem IC

Tests 198 predictor non-academic

Predictive Power

e Summary Measures of SpGlelClty: 198/292 >< 100% — 678%

Predictive Power

e Classification Table
e HSB Example

e HSB Example with
To = .50 Percent correct = (227 + 198)/600% = 425/600 x 100% = 70.8%
e Sensitivity, Specificity &
p(Correct)

e ROC Curve for HSB:

c = 769

e Area Under ROC Curve
e ROC Curve for HSB:
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Sensitivity, Specificity & p(Correct)

= For every cut-score you will get a different result.
= For HSB, using a cut-score of 7, = .70 yields
Overivew Predicted

Review of Logistic Regression

y=1 y=0
Interpreting logistic regression

models ACtuaI y — 1 112 180 308

Inference for logistic regression y — O 30 278 292

Model checking.

Goodness-of-fit tests |

Fit Model then Group

Group Data then Fit Model SenSItIVIty — 112/308 — 384

Hosmer Lemesho Specificity = 278/292 = .903

Likelihood-Ratio Comparison Correct — (1 17 —|— 278) /600 p— 650

Tests

Predictive Power

_c =769

e Summary Measures of
Predictive Power

* Classiicaion Table = Do this for lots of possible cut-scores and plot the results —

e HSB Example
e HSB Example with RO C Cu rve .
o = .50

e Sensitivity, Specificity &
p(Correct)

e ROC Curve for HSB:

e Area Under ROC Curve
e ROC Curve for HSB:
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ROC Curve for HSB: ¢ = .769

Cutpoint .0 to 1.0 by .01
Sensitivity = Percent Correctly Classified as Academic
100— Specificity = Percent Incorrectly Classsified as Academic

Overivew
100.01
Review of Logistic Regression
0.0
Interpreting logistic regression
models E 800
Inference for logistic regression :E TOO 1
w
Model checking. -
2 60.0
Goodness-of-fit tests —
o 50.0;
Fit Model then Group =
=
N |
Group Data then Fit Model DC_) 400
Hosmer-Lemeshow %) 30 O ]
| -
Likelihood-Ratio Comparison — X0
Tests
Predictive Power 10.0 2
e Summary Measures of
Predictive Power OOI,||,||||,
e Classification Table
« HSB Example 0 10 20 30 40 50 60 70 80 Q0 100
e HSB Example with 'y .
To = .50 False Positive (100 — Spedificity)
e Sensitivity, Specificity &
p(Correct)
e ROC Curve for HSB:
c = 769

e Area Under ROC Curve
e ROC Curve for HSB:
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Area Under ROC Curve

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

e Summary Measures of
Predictive Power

e Classification Table

e HSB Example

e HSB Example with

o = .50

e Sensitivity, Specificity &
p(Correct)

e ROC Curve for HSB:

_c =769

Concordance: Take two cases ¢ and j where y; =1 and y; =0
(¢ # 7),

If 7, > ;, then the pair is concordant

If 7, < 7;, then the pair is discordant

If 7; = 75, then the pair is tie

The area under the ROC curve equals the concordance index.
The concordance index is an estimate of the probability that
predictions and outcomes are concordant. In PROC
LOGISTIC, this index is c in the table of “Association of
Predicted Probabilities and Observed Responses”.

This also provides a way to compare models, the solid dots in
the next figure are from a model with more predictors. For
example,. ..

e Area Under ROC Curve
e ROC Curve for HSB:

(L ogistic R8P essidn ) Dichotomous Responses
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ROC Curve for HSB: ¢ = .769 and .809

Comparing Two Models

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

True Positive (Sensitivity)

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

e Summary Measures of
Predictive Power

e Classification Table
e HSB Example

e HSB Example with 'y i
— 50 False Positive (100 — Spedificity)
e Sensitivity, Specificity &
p(Correct)

e ROC Curve for HSB:

c = 769

e Area Under ROC Curve
e ROC Curve for HSB:
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Residuals

Goodness-of fit-statistics are global, summary measures of
lack of fit.

Overivew We ShOUId also

Review of Logistic Regression n Descrlbe the IaCk Of flt

Interpreting logistic regression - Look for patterns |n IaCk Of flt,

models

Inference for logistic regression Let

Model checking.

y; = observed number of events/successes.

Goodness-of-fit tests

Fit Model then Group n; = number of observations with explanatory variable equal
Group Data then Fit Model to 'CC’L

rOSErLEmeson m; = the estimated (fitted) probability at x;.

Likelihood-Ratio Comparison

fest n;m; = estimated (fitted) number of events.

Predictive Power

Pearson residuals are

Residuals

e Residuals N

e Pearson Residuals y’L _ n’L 7T’L

e HSB Using Grouped Data 6'1, — N =

e Observed versus Fitted . . _ .
\/nz 7-‘-@ ( ]. 7-‘-7, )

(Grouped Data)
e Q-Q Plot of Pearson
Residuals (Grouped)

aea.Dlat of O

O STTea =

Residuals (not grouped)

e Getting Data for Q-Q Plot .
ILogistic Regression for Dichotomous Responses Slide 84 of 115
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Pearson Residuals

Pearson residuals are

Yi — N7
€

Overivew B \/n’L 7/:‘-2 (1 o 7/-\‘-7/)

Review of Logistic Regression

= X2 =73 e? thatis, the e;'s are components of X~.

Interpreting logistic regression
models

= \WWhen the model holds, the Pearson residuals are

Inference for logistic regression

approximately normal with mean 0 and variance slightly less

Model checking.

than 1. Values larger than 2 are “large”.

Goodness-of-fit tests

= Just as X2 and G? are not valid when fitted values are small,

Fit Model then Group

Pearson residuals aren’t that useful (i.e., they have limited

Group Data then Fit Model

meaning).

Hosmer-Lemeshow

Likeinood:Ratio Comparison If n;, = 1 at many values, then the possible values for y; =1

Tests
and 0, so e; can assume only two values.

Predictive Power

Residuals

e Residuals

e Pearson Residuals

e HSB Using Grouped Data
e Observed versus Fitted
(Grouped Data)

e Q-Q Plot of Pearson
Residuals (Grouped)

aea.Dlat of O

O STTea =

Residuals (not grouped)

e Getting Data for Q-Q Plot .
ILogistic Regression for Dichotomous Responses Slide 85 of 115
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HSB Using Grouped Data

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

e Residuals

e Pearson Residuals

e HSB Using Grouped Data
e Observed versus Fitted
(Grouped Data)

e Q-Q Plot of Pearson
Residuals (Grouped)

aea.Dlat of O

(note: Computing residuals on un-grouped data not useful due

to small n per “cell”).

Group

mean

achieve

# attend

acad

Number

of cases

Observed
prop

Predicted
prob

Pearson

residuals

© 00 N OO O A W DN P

i
—k O

37.67
42.60
46.01
47.87
50.11
52.17
53.98
56.98
58.42
62.43
66.56

8
18
14
17
20
22
43
28
47
62
29

46
87
44
43
50
50
58
44
68
/8
32

17
21
.32
40
40
44
74
.63
.69
79
.90

13
23
.32
.38
45
.52
.58
.65
A2
.81
.88

.78
—.55
.07
21
—.75
—1.15
2.47
—.15
—.45
.38
42

O STTea =

Residuals (not grouped)
e Getting Data for Q-Q Plot

ILogistic Regression for Dichotomous Responses

e Hard way to Make Q-Q Plot
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Observed versus Fitted (Grouped Data)

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

e Residuals

e Pearson Residuals

e HSB Using Grouped Data
e Observed versus Fitted
(Grouped Data)

e Q-Q Plot of Pearson
Residuals (Grouped)

Fitted Probability

Fit Model then Group Observed & Fitted

o0 01 02 03 04 O O06 07 08 09 10

Observed Propoortion

S-S-Plet-etr .
Residuals (not grouped)
e Getting Data for Q-Q Plot

ILogistic Regression for Dichotomous Responses

e Hard way to Make Q-Q Plot
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Q-Q Plot of Pearson Residuals (Grouped)

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

e Residuals

e Pearson Residuals

e HSB Using Grouped Data
e Observed versus Fitted
(Grouped Data)

e Q-Q Plot of Pearson
Residuals (Grouped)

S--Rigt-oi-R A
Residuals (not grouped)
e Getting Data for Q-Q Plot

ILogistic Regression for Dichotomous Responses

e Hard way to Make Q-Q Plot

a Cacvswnimmovs +a Mala M O DAt

Adjusted Residual

1.5]

1.0

0.9

0.0

—0.5]

—1.0

—15

15 —1. —0.5 0.0 0.5 1.0
Quartile of N(0,1)
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Q-Q Plot of Pearson Residuals (not grouped)

3.5

2.9

Overivew

Review of Logistic Regression

1.95]

Interpreting logistic regression
models

Inference for logistic regression

0.5]

Model checking.

Goodness-of-fit tests

—0.5]

Fit Model then Group

Group Data then Fit Model

Adjusted Residual

—1.9]

Hosmer-Lemeshow

Likelihood-Ratio Comparison

Tests

Predictive Power 2'5

Residuals

e Residuals

[ ] PearSOn ReSIdUaIS — 3!5 1 | T T T T T T T T T | T T T T T T T T T | T T T T T T T T T | T T T T T T T T T | T T T T T T T T T | T T T T T T T T T | T T T T T T T T T |

e HSB Using Grouped Data

« Observed versus Fited -39 =25 =15 =05 0.5 15 2.9 3.5

(Grouped Data)

e (orapesy Quartile of N(O,7)

S--Rigt-oi-R A
Residuals (not grouped)
e Getting Data for Q-Q Plot
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Getting Data for Q-Q Plot

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

e Residuals

e Pearson Residuals

e HSB Using Grouped Data
e Observed versus Fitted
(Grouped Data)

e Q-Q Plot of Pearson
Residuals (Grouped)

aea.Dlat of O

= Stepl : Fit model and save residuals to SAS file:

PROC GENMOD data=hsb;
model academic/ncases = achieve / link=logit
dist=binomial obstats type3 covb;
output out=preds pred =fitted stdreschi=adjusted,;

= Step 2: Create a SAS data file with quantiles from normal
distribution:

DATA QQprep;
do p=1 to 600;
prop=p/601,;
z = quantile('normal’,prop);
output;
end;

O STTea =

Residuals (not grouped)
e Getting Data for Q-Q Plot

ILogistic Regression for Dichotomous Responses

e Hard way to Make Q-Q Plot
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Hard way to Make Q-Q Plot

Overivew

= Step 3: Sort data file with residuals by the values of the

Review of Logistic Regression

residuals;

Interpreting logistic regression
models

Inference for logistic regression P RO C S O RT d ata: p re d S ,

Model checking. by adJ u Sted ,

Goodness-of-fit tests

e ottt o = Step 4: Merge the two files:

Group Data then Fit Model DATA QQ pIOt,

Hosmer-Lemeshow merge predS QQprep1

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

e Residuals

e Pearson Residuals

e HSB Using Grouped Data
e Observed versus Fitted
(Grouped Data)

e Q-Q Plot of Pearson
Residuals (Grouped)

aea.Dlat of O

O STTea =

Residuals (not grouped)

e Getting Data for Q-Q Plot .
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e Hard way to Make Q-Q Plot

a Cacvswnimmovs +a Mala M O DAt



Easy way to Make Q-Q Plot

Overivew

proc gennod dat a=hsb;

Review of Logistic Regression

nodel academ c/ncases = achieve /link=logit dist=bin;

Interpreting logistic regression

model out put out =out new pred=grpfit | ower=lo upper=hi
Inference fo logistic regression st dr eschi =adj ust ed,;

Model checking title "Easy way to get Qpl ot’;

Goodness-of-it tests Fun,

Fit Model then Group

Group Data then Fit Model pr OC Unl Var I at e dat a:OUt neVV;
Hosmer-Lemeshow V ar adJ U S t e d ,
Likeihood-Rato Comparison qgpl ot / normal (nu=0 sigma=1) square ctext=black ;
Tests
run,
Predictive Power
Residuals
e Residuals

e Pearson Residuals

e HSB Using Grouped Data
e Observed versus Fitted
(Grouped Data)

e Q-Q Plot of Pearson
Residuals (Grouped)

aea.Dlat of O

O STTea =

Residuals (not grouped)

e Getting Data for Q-Q Plot .
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Result of Easy Way

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

e Residuals

e Pearson Residuals

e HSB Using Grouped Data
e Observed versus Fitted
(Grouped Data)

e Q-Q Plot of Pearson
Residuals (Grouped)

S--Rigt-oi-R A
Residuals (not grouped)
e Getting Data for Q-Q Plot

ILogistic Regression for Dichotomous F
e Hard way to Make Q-Q Plot

a Cacvswnimmovs +a Mala M O DAt

Standardized Pearson Residual

Easy way to get QQplot

Normal Quantiles



Influence

Overivew Some observations may have too much “influence ” on

Review of Logistic Regression

1. Their effect on parameter estimates — If the observation is

Interpreting logistic regression

model deleted, the values of parameter estimates are considerably
Inference for logistic regression d Iffe re nt _

Model checking.

Goodness-of-i tests 2. Their effect on the goodness-of-fit of the model to data — If
Fit Model then Group the observation is deleted, the change in how well the

Group Data then Fit Mode model fits the data is large.

Hosmer-Lemeshow

Lkeinoocrato comparison | 3. 1 NE €ffect of coding or misclassification error of the binary

e response variable on statistic(s) of interest. Statistics of

Predictive Power

Interest include fit statistics and/or model parameter

Residuals

estimates.

Influence

__e Example Data: ESR

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

e Simpler Model for ESR
e 1. Leverage or h ;
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Measures for Detecting Influence

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

__e Example Data: ESR

They are primarily designed to detect one or the other of these
two aspects.

The first three types:
= Often influential observations are those that are extreme in
terms of their value(s) on the explanatory variable(s).

= Are pretty much generalizations of regression diagnostics for
normal linear regression.

= “range of influence” are designed specifically for logistic
regression for binary responses.

Additional references:
Collett, D.R. (1991). Modelling Binary Data. London: Chapman & Hall.

Pregibon, D (1981). Logistic regression diagonostics. Annals of Statistics, 9,
705-724.

Hosmer, D.W. & Lemeshow, S. (1989). Applied Logistic Regression. New York:
Wiley.

Fay, M.P. (2002). Measuring a binary response’s range of influence in logistic
regression. American Statistician, 56, 5—9.

e Simpler Model for ESR
e 1. Leverage or h ;
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The Measures for Detecting Influence

= “Leverage” (diagonal elements of the hat matrix).
= Pearson, deviance, and adjusted residuals.
Overivew u beeta/.

Review of Logistic Regression u C and 5.

nepemeasiceacsr | w Change in X2 or G* goodness-of-fit statistics (i.e., DIFCHISQ

models
and DIFDEV, respectively).

Inference for logistic regression

Model checking = Range of Influence (ROI) statistics.
Goodness-of-fit tests
Fit Model then Group Each of these measures

Group Data then Fit Model

= Are computed for each observation.

Hosmer-Lemeshow

= The larger the value, the greater the observation’s influence.

Likelihood-Ratio Comparison
Tests

= All are computed by PROC LOGISTIC, except the adjusted

Predictive Power

residuals (need to use PROC GENMOD) and range

Residuals

frequency statistics (I wrote a set of SAS MACROs for this).

Influence

__e Example Data: ESR

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

e Simpler Model for ESR
e 1. Leverage or h ;
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Example Data: ESR

Number of cases (people) = 32

Response variable is whether a person is healthy or not (based
Overivew on ESR)'

review of Logisic Regression | - VIO €l probability that a person is healthy as a function of

merreting ogisic egresson |- @ FIBRIN: level of plasma fibrinogen.

- = GLOBULIN: level of gamma-globulin.

Inference for logistic regression

__e Example Data: ESR

Model peckrg The model with both explanatory variables:

Coodness obfLests = Test statistics for GLOBULIN are not significant (df = 1).
Fit Model then Group Wald — 1.698

Sroup Data then it Model Likelihood ratio = 24.840 — 22.971 = 1.87

—— » Test statistics for FIBRIN are significant (df = 1).
e Wald = 3.87 (p = .05)

precictve Power Likelihood ratio = 28.945 — 22.2971 = 5.98 (p = .01)

e Measures for Detecting

Influence
e The Measures for Detecting

Influence

e Simpler Model for ESR
e 1. Leverage or h ;
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Simpler Model for ESR

Overivew The model with just FIBRIN:

Review of Logistic Regression

s == | Test statistics for FIBRIN are significant (df = 1):

Inference for logistic regression Wal d — 4 . 1 1 (p g 04)

Model checking. lee“hOOd ra'uo — 604 (p — 01)

Goodness-of-fit tests

Hosmer & Lemeshow statistic = 10.832 with df =8 & p = .21.

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

__e Example Data: ESR

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

e Simpler Model for ESR
e 1. Leverage or h ;
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/* ESR data set */

* fibrin = level of plasma fibrinogen (gm/liter)
globulin = level of gamma-globulin (gm/liter)
response = (0 esrj20 or unhealthy, 1 esr¢,=20 for healthy)
where esr=erythrocyte sedimentation rate.
options I1s=80 nocenter nodate;
data esr;
title 'ESR Data’;
input id fibrin globulin response @ @;
n=1;
datalines;
1252380225631032.1933042.18310
5341370624636073.2238082.21370
93.15390102.60410112.29360122.35290
135.06371143.34321152.38371163.15360
17 3.53461182.68340192.60380202.23370
212.88300222.65460232.0944124228360
252.67390262.29310272.15310282.54280
293.93321303.34300312.99360323.32350

[* Example 1, page 20 */;

proc logistic data=esr descending;
model response=globulin;

98-1



proc logistic data=esr descending;
model response=fibrin globulin;
title 'ESR Data’;

run;

[* Example 8, pp. 74-78 */
ods html;
ods graphics on;
proc logistic data=esr descending;
model response=fibrin / lackfit influence iplots;
title 'ESR Data’;
run;
ods graphics off;
ods html close;
run;

data esr2;
input fibrin response n @@,;
datalines;
20911215012180121901
22101223012280122902
23501238112460125201

25401256012600226501
26701268012880129901
3.15023.22013.32013.3412
3410135311393115.0611
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proc genmod order=data;
model response/n = fibrin /link=logit dist=binomial obstats residuals

type3;
title 'GENMOD: Lostistic regression with fibrin’;
run;

98-3



1. Leverage or h;

Overivew These equal the diagonal elements of the “hat” matrix, which

review of Logisic Regression | @S @ row and column corresponding to each observation.

Interpreting logistic regression

modet = The hat matrix is applied to sample logits yields the

inderence for ingiste regression predicted logits for the model.

Model checking.

Goodness-of it tests = h,; Is good for detecting extreme points in the design space.
Fit Model then Group

Group Data then Fit Model = Qualification:

Hosmer-Lemesho 0 The more extreme the estimated probability (i.e., 7(x) < .1
Likelihood-Ratio Comparison or ﬁ'(ZC) > 9), the smaller the hz

Tests

0 Therefore, when an observation has a very small or very

Predictive Power

large estimated probability, h; is not a good detector of the

Residuals

observation’s distance from the design space.

Influence

__e Example Data: ESR

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

e Simpler Model for ESR
e 1. Leverage or h ;
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2. Pearson, Deviance, and . ..

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

__e Example Data: ESR

Used to identify observations that are not explained very well

by model.
s Pearson residuals:

€, —

= Deviance residuals (where 7 (x;) = 7;)

dz' = —\/—27%' 10g(1 — 7%@)

= —/2{yilog(yi/ (nim:)) + (ni — yi) log((n.

— i)/ (ni(1 — 7))}

=+ 2{yilog(yi/ (nim:)) + (ni — yi) log((n,

— i)/ (ni(1 = 7))}

Ify; = n;

e Simpler Model for ESR
e 1. Leverage or h ;

V-aoisiia RGRasaiRAas Bifotomous Responses
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.and adjusted Residuals

Overivew Adjusted Residuals are Pearson residuals divided by

Review of Logistic Regression ( 1 _ h . ) 1 /2 "
/L [

Interpreting logistic regression
models

i — nﬁr(a:z)

Inference for logistic regression AdJ u Sted reS I d U al

N T V(o) (@ — # @) (1 — )

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

e Example Data: ESR

e Simpler Model for ESR
e 1. Leverage or h;
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3. Dfbeta

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

__e Example Data: ESR

This assesses the effect that an individual observation has on
the parameter estimates.

change in parameter estimate

D fbeta =
fbeta standard error of change

= The larger the value of D fbeta, the larger the change in the
estimated parameter when the observation is removed.

= |arge value indicates that certain observations are leading
to instability in the parameter estimates.

= PROC LOGISTIC uses a 1 step method to approximate D fbeta.

e Simpler Model for ESR
e 1. Leverage or h ;
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4. cand ¢

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

__e Example Data: ESR

These measure the change in the joint confidence interval for
the parameters produced by deleting an observation.

= These use the same idea as “Cook distances” in ordinary
linear regression.

= PROC LOGISTIC uses a 1 step method to approximate them

2

(1 — hy)?

C;, —

and

€; hz'

“T 0 hy)

= |n using these statistics, it is useful to plot them versus some
Index (e.g., observation number).

e Simpler Model for ESR
e 1. Leverage or h ;

V-aoisiia RGRasaiRAas Bifotomous Responses
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5. DIFCHISQ and DIFDEV

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

__e Example Data: ESR

equal the change in the X? and G? goodness of fit statistics for
the model when the observation is deleted.

They are diagnostics for detecting observations that contribute
heavily to the lack of fit of the model to the data.

With a large number of observations, the time that it would take
to actually delete each observation and fit the model to obtain
the actual change in X2 and G* could be prohibitive, so
SAS/LOGISTIC uses a 1 step method to estimate the change.

= PROC LOGISTIC uses a 1 step method to estimate the change
in X2 (i.e., DIFCHISQ):

DIFCHJSQ::%-

1

= PROC LOGISTIC uses a 1 step method to estimate the change
in G2 (i.e., DIFDEV):

DIFDEV =d? + ¢

e Simpler Model for ESR
e 1. Leverage or h ;
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Example: ESR data — summary (so far)

X = an extreme value and x= a noticeably different value
Diagnostic Case Number
Overivew measure 13 14 15 17 23 29
Review of Logistic Regression L ever ag e hz X X X
Interpreting logistic regression
models Pearson residual €; X X X X X X
e f°'_'°gi3“° S Deviance residual d; X X X X X X
:ddlhkf:tt Change in parameter « (intercept) X X X
Fit Mode then Group estimate G (fibrin) X X X X X X
SOk DA REn SRS Change in ClI Ci X X x X X
Hosmer-Lemeshow
Likelihood-Ratio Comparison EZ X X X X X
;;t - Change in X? X X x X X
Residunis Change in G* x X x X X
influence m Cases 15 & 23 appear to be influential.
Ifl?”ﬂ for petecting m There were 6 cases that were classified as unhealthy:
13,14, 15, 17,23, 29
__e Example Data: ESR

e Simpler Model for ESR
e 1. Leverage or h ;
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Range of Influence (ROI) Statistic

Overivew Reference: Fay, M.P. (2002). Measuring a binary response’s
review of Logisic Regression | rgnge Of influence in logistic regression. American Statistician, 56,
Interpreting logistic regression 5_9 .

models

Inference for logistic regression - P u rpose/ P ro bl e m

Model checking. 0 There is always the possibility that there was a

Soodness ol ft tess misclassification on the response variable or a data entry
Fit Model then Group error in the response variable.

Group Data then Ft Model O If it Is difficult to check the classification (time consuming

Hosmer Lemeshow and/or expensive), you would like to identify a sub-set of

e comperisen “guestionable” cases.

Predictive Power

= Solution: Range of Influence Statistic.

Residuals

Influence

__e Example Data: ESR

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

e Simpler Model for ESR
e 1. Leverage or h ;
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Computing ROI Statistic

Overivew 1. Fit the logistic regression model using data (as is).

Review of Logistic Regression

menreting logisic egression | 2, FOI @ach case, change the value of the (binary) response

models .
variable,

Inference for logistic regression

*

Model checking. yz — 1 T y’LJ

Goodness-of-fit tests

and re-fit the logistic regression model.

Fit Model then Group

3. Compute the difference between statistics using the

Group Data then Fit Model

changed data and the un-altered data, which is called the

Hosmer-Lemeshow

“Range of Influence Statistic.”

Likelihood-Ratio Comparison
Tests

4. Look for cases that have extreme values.

Predictive Power

Residuals

Influence

__e Example Data: ESR

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

e Simpler Model for ESR
e 1. Leverage or h ;
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ROI Statistic: ESR data

Model that we settled on was
logit(#;) = & + B(fibrin);

= —6.8451 + 1.8271(fibrin);

Review of Logistic Regression

Which has In(likelihood) = —12.4202.

Interpreting logistic regression
models

Inference for logistic regression We, | | |OO k at RO I Stat|St|CS for

Model checking.

Goodness-of-fit tests u I nte rce pt

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow - Slope for fl brl n:

Likelihood-Ratio Comparison
Tests A A A

Predictive Power

Residuals

Influence

__e Example Data: ESR

« Influence s Goodness-of-fit;

e Measures for Detecting
Influence

« The Measures for Detecting A(Inlike); = In(likelihood); —In(likelihood) = In(likelihood); —(—12.4202)

Influence

e Simpler Model for ESR
e 1. Leverage or h ;
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Plot of ROI for ESR data

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

RO for Intercept

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

e Example Data: ESR

e Simpler Model for ESR

e 1. Leverage or h;

-g0islic, 6 gssingias Risgotomous Responses

4]
3/
2]

0%

ROI for Slope of Fibrin
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ESR Dat a

bs

CO~NO O WN P

obs

changed delta a

13
29
27

4

3

8
20
24
11
26
12

6
17

1
28

2
10
19
22
25
18
14
21

. 22002
. 54184

86539

. 81739
. 80128
. 16887
. 13622
. 65351
. 63678

63678

. 53500
. 34190
. 81094
. 23279
. 19579
. 15846

08282

. 08282
. 98634
. 94714
. 92740
. 41425
. 51242

delta b delta I

- 1.

109-1

15387

. 59611
. 54622
. 52996
. 52450
. 51353
. 50247
. 47447
. 46881
. 46881
. 43437
. 36908
. 35647
. 33221
. 31971
. 30710
. 28156
. 28156
. 24900
. 23577
. 22911
. 22689
. 08926

. 98268
. 08378
. 94509
. 50642
. 49342
. 46726
. 44087
. 37395
. 36039
. 36039
. 27786
. 12110
. 62283
. 03251
. 00249
. 97222
. 91091
. 91091
. 83282
. 80112
. 78518
. 91436
. 45180

* %



24
25
26
27
28
29
30
31
32
33

31

16

32

30

15
23

. 26625
. 00003
. 11873
. 11873
. 29759
. 56549
. 62092
. 82005
. 57889
. 12667

109-2

P OO 0000 O0OO0OO0o

. 00644
. 00000
. 12280
. 12280
. 18275
. 27242
. 29095
. 35747
. 74032
. 23224

. 25611
. 00002
. 95460
. 95460
. 81602
. 61059
. 56842
. 41784
. 85995
. 67215

* * %

* % *



SAS & Computing ROI

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

__e Example Data: ESR

SAS/MACRO
%RangeOflnfluence(indata=esr,rangedata=range,samplesize=32,

obs=response,Y=response,linpred=fibrin,discrete=);

where
= The response variable should equal 0/1

= |[n main macro “%rangeinfluence”

[
[]

| ndat a= the data set that is being analyzed

r angedat a= data set that is output that included
parameter estimates and loglike for complete data set (1st
line) and changing the response of each of the lines of
data (one at a time).

Use this data set to compute desired range of influence
statistics.

sanpl esi ze= number of observations

obs= name of the identification variable (like an id).
Macro assumes this equals 1 - sample size

Y = name of the response variable

| i npred = list of variables in the linear predictor

di scr et e = list of discrete (nominal) variables in the

e Simpler Model for ESR
e 1. Leverage or h ;
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Running %RangeOfinfluence

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

__e Example Data: ESR

title 'Exanple 1: One nuneri cal
%rangedf | nf | uence(i ndat a=esr,
sanpl esi ze=32,
Y=r esponse,
| i npred=fibrin);

expl ai natory vari abl e’ ;
r angedat a=r angel,
obs=i d,

run,

title 'Exanple 2: Two nuneri cal
%rangef | nf | uence(i ndat a=esr,
sanpl esi ze=32,
Y=r esponse,
| i npred=fibrin globulin
);

expl ai natory vari abl es’;
r angedat a=r ange?2,
obs=i d,

run;

e Simpler Model for ESR
e 1. Leverage or h ;
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Running %RangeOfinfluence

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence
e Example Data: ESR

title 'Exanple 3: discrete variable & nunerical predictors’;
YRangef | nf | uence(i ndat a=esr2, rangedat a=range3,
sanpl esi ze=32, obs=id,
Y=r esponse,
| i npred=fibrin egdi screte,
di scret e=egdi screte);
run;

e Simpler Model for ESR
e 1. Leverage or h ;
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After Running %RangeOfInfluence

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

__e Example Data: ESR

data range;

set rangel,;
If obs_changed < 1 then delete;
delta_a = intercept - ( -6.8451);
delta_b = fibrin - ( 1.82708 );
delta_ll= _ LNLIKE _ - (-12.4202);

run;

proc sort data=rangestat;
by delta_b;

proc print;
var obs_changed delta_a delta_b delta_ll;
run;

e Simpler Model for ESR
e 1. Leverage or h ;
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Summary for ESR Data

Overivew

Review of Logistic Regression

Interpreting logistic regression
models

Inference for logistic regression

Model checking.

Goodness-of-fit tests

Fit Model then Group

Group Data then Fit Model

Hosmer-Lemeshow

Likelihood-Ratio Comparison
Tests

Predictive Power

Residuals

Influence

e Influence
e Measures for Detecting

Influence
e The Measures for Detecting

Influence

__e Example Data: ESR

The model with just FIBRIN.
= Test statistics for coefficient of FIBRIN is significant (df = 1)

Wald statistic = 4.11 (p-value= .04)
Likelihood ratio = 6.04 (p-value= .01)

= Hosmer & Lemeshow statistic = 10.832 with df = 8 and
p-value = .21.

= From the regression diagnostics
0 Case number 15 and 23 appear to be influential.

0 The 6 who were unhealthy are 13, 14, 15, 17, 23, and 29.

e Simpler Model for ESR
e 1. Leverage or h ;
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The Tale of the Titanic

= Source:
0 Thomas Carson
0 http://stat.cmu.edu/S/Harrell/data/descriptions/titanic.html
o | = Description
R The Titanic was billed as the ship that would never sink.
models On her maiden voyage, she set sail from Southampton
Inference fo logstic regression to New York. On April 14th, 1912, at 11:40pm, the
Model checking Titanic struck an iceberg and at 2:20 a.m. sank. Of the
Goodness-of-fi tests 2228 passengers and crew on board, only 705
Fit Model then Group survived.
Sroup Dt then At Mock = Data Available:
A o 0 Y = survived (0 = no, 1 = yes)
g o Ratlo Comperisen 0 Explanatory variables that we’ll look at:
oredicive Power = Pclass = Passenger class (1 =first class, 2 =second
eciduals class,
ence 3 =third class)
e Tae of the Tianic = Sex = Passenger gender (1 =female, 2 =male)
e The Tale of the Titanic - Age in yearS.
... but first we need to discuss qualitative explanatory variables

& multiple explanatory variables. ..
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